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ENTANGLEMENT 



Classical pure states are separable.

         

PURE STATES OF TWO CLASSICAL BITS 

        
         

Important property: After tracing over a subsystem we 
still get a pure state: the knowledge of the system is the 
sum of the knowledge of the parts. 

<latexit sha1_base64="N05W5Jhx2n1h93351SdTvDjpLXU=">AAAB+3icbVDLSsNAFJ34rPUV69LN0CJUhJIoqBuh6MZlBfuAJoTJdNIOnUzCzEQMIf0K125cKOLWH3HXv3H6WGjrgQuHc+7l3nv8mFGpLGtsrKyurW9sFraK2zu7e/vmQaklo0Rg0sQRi0THR5IwyklTUcVIJxYEhT4jbX94O/Hbj0RIGvEHlcbEDVGf04BipLTkmSUna1SRR0/gtTWKxMh2cs+sWDVrCrhM7Dmp1MvO6fO4njY889vpRTgJCVeYISm7thUrN0NCUcxIXnQSSWKEh6hPuppyFBLpZtPbc3islR4MIqGLKzhVf09kKJQyDX3dGSI1kIveRPzP6yYquHIzyuNEEY5ni4KEQRXBSRCwRwXBiqWaICyovhXiARIIKx1XUYdgL768TFpnNfuidn6v07gBMxTAESiDKrDBJaiDO9AATYDBE3gBb+DdyI1X48P4nLWuGPOZQ/AHxtcPpA2Whw==</latexit>

{P (ai) = 0 or 1}

AND CLASSICALLY CORRELATED 

	Sicily,	silver	Dekadrachm		
405BC	to	380BC	

<latexit sha1_base64="ftKBRzkrojkLNJvAo6S8MfWj70I=">AAACA3icbVDLSgMxFM3UV62vUXe6CS1Ci1JmKqgboejGZQX7gHYYMmmmDc1khiQjDEPBjX/gN7hxoYhbf8Jd/8Z02oVWD4ScnHMvN/d4EaNSWdbEyC0tr6yu5dcLG5tb2zvm7l5LhrHApIlDFoqOhyRhlJOmooqRTiQICjxG2t7oeuq374mQNOR3KomIE6ABpz7FSGnJNQ8aZeTaJ8itVeAlzB6V7KpVXLNkVa0M8C+x56RUL/aOnyb1pOGaX71+iOOAcIUZkrJrW5FyUiQUxYyMC71YkgjhERqQrqYcBUQ6abbDGB5ppQ/9UOjDFczUnx0pCqRMAk9XBkgN5aI3Ff/zurHyL5yU8ihWhOPZID9mUIVwGgjsU0GwYokmCAuq/wrxEAmElY6toEOwF1f+S1q1qn1WPb3VaVyBGfLgEBRBGdjgHNTBDWiAJsDgATyDV/BmPBovxrvxMSvNGfOeffALxuc3e6CXNA==</latexit>

P (a1, a2) = P (a1)P (a2)

Classically correlated states are un-separable.

<latexit sha1_base64="gnVIyNBIwnwBecCcPnjg6oua8ZI="></latexit>
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PURE STATE OF TWO QUANTUM BITS 
Quantum pure states can be separable
(uncorrelated)        

or entangled (quantum correlated)
By tracing over a subsystem we get a mixed state: 
the knowledge of the all is -not- the sum of the 
knowledge of the parts.  
“This is the mystery of QM” (Schrödinger). 

Important property: After tracing over a subsystem we 
still get a pure state: the knowledge of the system is the 
sum of the knowledge of the parts. 

<latexit sha1_base64="ua96BCoLFa3iFVP6rW7lpsuMYwc=">AAACFnicbVDLSsNAFJ34rPUVdelmaBEEsSQV1I1QdOOygn1AE8JkOmmHTiZhZiKE2q/Qhb/ixoUibsVd/8ZpUkFbLwycx73cucePGZXKssbGwuLS8spqYa24vrG5tW3u7DZllAhMGjhikWj7SBJGOWkoqhhpx4Kg0Gek5Q+uJn7rjghJI36r0pi4IepxGlCMlJY88/jeiSWFjkC8xwi8gBn37B8hp9Up9cyyVbGygvPAnoJyreQcPY5rad0zv5xuhJOQcIUZkrJjW7Fyh0goihkZFZ1EkhjhAeqRjoYchUS6w+ysETzQShcGkdCPK5ipvyeGKJQyDX3dGSLVl7PeRPzP6yQqOHeHlMeJIhzni4KEQRXBSUawSwXBiqUaICyo/ivEfSQQVjrJog7Bnj15HjSrFfu0cnKj07gEeRXAPiiBQ2CDM1AD16AOGgCDB/AMXsGb8WS8GO/GR966YExn9sCfMj6/AQgookk=</latexit>

| i = | 1i| 2i

<latexit sha1_base64="15Jw+j3ynQ1gqSo0EwS3Yb0CZcg=">AAACGXicbVDLSgMxFM3UV62vqks3oUUQhDJTQV0W3bisYB/QKUMmvdOGZjJjkhFK7V+IG3/FjQtFXOqqf2PaqaCtBwLnnnMvN/f4MWdK2/bYyiwtr6yuZddzG5tb2zv53b26ihJJoUYjHsmmTxRwJqCmmebQjCWQ0OfQ8PuXE79xB1KxSNzoQQztkHQFCxgl2khe3r53Y8WwK4nocsCugFs8lTznR0vL8qz08kW7ZE+BF4kzI8VKwT1+GFcGVS//6XYimoQgNOVEqZZjx7o9JFIzymGUcxMFMaF90oWWoYKEoNrD6WUjfGiUDg4iaZ7QeKr+nhiSUKlB6JvOkOiemvcm4n9eK9HBeXvIRJxoEDRdFCQc6whPYsIdJoFqPjCEUMnMXzHtEUmoNmHmTAjO/MmLpF4uOaelk2uTxgVKkUUHqICOkIPOUAVdoSqqIYoe0TN6RW/Wk/VivVsfaWvGms3soz+wvr4BzgOjyg==</latexit>

| i 6= | 1i| 2i
Eg.: Bell states	



Purest

A state is twee if it exist a measurement
that without disturbing the system gives the
result yes with P yes L
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AND THEIR STATISTICAL MIXTURES 
Classically correlated states

or quantum + classically correlated

<latexit sha1_base64="ua96BCoLFa3iFVP6rW7lpsuMYwc=">AAACFnicbVDLSsNAFJ34rPUVdelmaBEEsSQV1I1QdOOygn1AE8JkOmmHTiZhZiKE2q/Qhb/ixoUibsVd/8ZpUkFbLwycx73cucePGZXKssbGwuLS8spqYa24vrG5tW3u7DZllAhMGjhikWj7SBJGOWkoqhhpx4Kg0Gek5Q+uJn7rjghJI36r0pi4IepxGlCMlJY88/jeiSWFjkC8xwi8gBn37B8hp9Up9cyyVbGygvPAnoJyreQcPY5rad0zv5xuhJOQcIUZkrJjW7Fyh0goihkZFZ1EkhjhAeqRjoYchUS6w+ysETzQShcGkdCPK5ipvyeGKJQyDX3dGSLVl7PeRPzP6yQqOHeHlMeJIhzni4KEQRXBSUawSwXBiqUaICyo/ivEfSQQVjrJog7Bnj15HjSrFfu0cnKj07gEeRXAPiiBQ2CDM1AD16AOGgCDB/AMXsGb8WS8GO/GR966YExn9sCfMj6/AQgookk=</latexit>

| i = | 1i| 2i

<latexit sha1_base64="15Jw+j3ynQ1gqSo0EwS3Yb0CZcg=">AAACGXicbVDLSgMxFM3UV62vqks3oUUQhDJTQV0W3bisYB/QKUMmvdOGZjJjkhFK7V+IG3/FjQtFXOqqf2PaqaCtBwLnnnMvN/f4MWdK2/bYyiwtr6yuZddzG5tb2zv53b26ihJJoUYjHsmmTxRwJqCmmebQjCWQ0OfQ8PuXE79xB1KxSNzoQQztkHQFCxgl2khe3r53Y8WwK4nocsCugFs8lTznR0vL8qz08kW7ZE+BF4kzI8VKwT1+GFcGVS//6XYimoQgNOVEqZZjx7o9JFIzymGUcxMFMaF90oWWoYKEoNrD6WUjfGiUDg4iaZ7QeKr+nhiSUKlB6JvOkOiemvcm4n9eK9HBeXvIRJxoEDRdFCQc6whPYsIdJoFqPjCEUMnMXzHtEUmoNmHmTAjO/MmLpF4uOaelk2uTxgVKkUUHqICOkIPOUAVdoSqqIYoe0TN6RW/Wk/VivVsfaWvGms3soz+wvr4BzgOjyg==</latexit>

| i 6= | 1i| 2i

<latexit sha1_base64="rmp34IzmMA6L/GkU+9+AyNbtmaM=">AAAB6XicbVDLSgNBEOzxGeMr6tHLkCAIQthVUI9BLx6jmAdklzA7mU2GzM4uM7PCsuQPvAgq4tU/8pa/cfI4aGJBQ1HVTXdXkAiujeOM0crq2vrGZmGruL2zu7dfOjhs6jhVlDVoLGLVDohmgkvWMNwI1k4UI1EgWCsY3k781hNTmsfy0WQJ8yPSlzzklBgrPXh5t1Rxqs4UeJm4c1Kplb2z13Etq3dL314vpmnEpKGCaN1xncT4OVGGU8FGRS/VLCF0SPqsY6kkEdN+Pr10hE+s0sNhrGxJg6fq74mcRFpnUWA7I2IGetGbiP95ndSE137OZZIaJulsUZgKbGI8eRv3uGLUiMwSQhW3t2I6IIpQY8Mp2hDcxZeXSfO86l5WL+5tGjcwQwGOoQyn4MIV1OAO6tAACiE8wxu8oyF6QR/oc9a6guYzR/AH6OsHuMmQeA==</latexit>

{
<latexit sha1_base64="rmp34IzmMA6L/GkU+9+AyNbtmaM=">AAAB6XicbVDLSgNBEOzxGeMr6tHLkCAIQthVUI9BLx6jmAdklzA7mU2GzM4uM7PCsuQPvAgq4tU/8pa/cfI4aGJBQ1HVTXdXkAiujeOM0crq2vrGZmGruL2zu7dfOjhs6jhVlDVoLGLVDohmgkvWMNwI1k4UI1EgWCsY3k781hNTmsfy0WQJ8yPSlzzklBgrPXh5t1Rxqs4UeJm4c1Kplb2z13Etq3dL314vpmnEpKGCaN1xncT4OVGGU8FGRS/VLCF0SPqsY6kkEdN+Pr10hE+s0sNhrGxJg6fq74mcRFpnUWA7I2IGetGbiP95ndSE137OZZIaJulsUZgKbGI8eRv3uGLUiMwSQhW3t2I6IIpQY8Mp2hDcxZeXSfO86l5WL+5tGjcwQwGOoQyn4MIV1OAO6tAACiE8wxu8oyF6QR/oc9a6guYzR/AH6OsHuMmQeA==</latexit>

{
<latexit sha1_base64="rmp34IzmMA6L/GkU+9+AyNbtmaM=">AAAB6XicbVDLSgNBEOzxGeMr6tHLkCAIQthVUI9BLx6jmAdklzA7mU2GzM4uM7PCsuQPvAgq4tU/8pa/cfI4aGJBQ1HVTXdXkAiujeOM0crq2vrGZmGruL2zu7dfOjhs6jhVlDVoLGLVDohmgkvWMNwI1k4UI1EgWCsY3k781hNTmsfy0WQJ8yPSlzzklBgrPXh5t1Rxqs4UeJm4c1Kplb2z13Etq3dL314vpmnEpKGCaN1xncT4OVGGU8FGRS/VLCF0SPqsY6kkEdN+Pr10hE+s0sNhrGxJg6fq74mcRFpnUWA7I2IGetGbiP95ndSE137OZZIaJulsUZgKbGI8eRv3uGLUiMwSQhW3t2I6IIpQY8Mp2hDcxZeXSfO86l5WL+5tGjcwQwGOoQyn4MIV1OAO6tAACiE8wxu8oyF6QR/oc9a6guYzR/AH6OsHuMmQeA==</latexit>

{
<latexit sha1_base64="rmp34IzmMA6L/GkU+9+AyNbtmaM=">AAAB6XicbVDLSgNBEOzxGeMr6tHLkCAIQthVUI9BLx6jmAdklzA7mU2GzM4uM7PCsuQPvAgq4tU/8pa/cfI4aGJBQ1HVTXdXkAiujeOM0crq2vrGZmGruL2zu7dfOjhs6jhVlDVoLGLVDohmgkvWMNwI1k4UI1EgWCsY3k781hNTmsfy0WQJ8yPSlzzklBgrPXh5t1Rxqs4UeJm4c1Kplb2z13Etq3dL314vpmnEpKGCaN1xncT4OVGGU8FGRS/VLCF0SPqsY6kkEdN+Pr10hE+s0sNhrGxJg6fq74mcRFpnUWA7I2IGetGbiP95ndSE137OZZIaJulsUZgKbGI8eRv3uGLUiMwSQhW3t2I6IIpQY8Mp2hDcxZeXSfO86l5WL+5tGjcwQwGOoQyn4MIV1OAO6tAACiE8wxu8oyF6QR/oc9a6guYzR/AH6OsHuMmQeA==</latexit>

{
Warning: a classical mixture of entangled states is not necessarily entangled !  	

<latexit sha1_base64="ujT5iheck5nSxNZupAtEob/IDTI="></latexit>
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GIVEN A QUANTUM STATE, CAN YOU TELL IF IT IS ENTANGLED ? 

Pure states: easy. 
Trace over a subsystem and check if the reduced density matrix is pure.

If the density matrix is known: Concurrance, PPT,…

Mixed states: very hard
It is NP-hard to unscramble classical and quantum correlations.
There are sufficient criteria.  

If only a partial knowledge of the density matrix is available (as in experiments): 
HUR, entanglement witnesses,…



Typical criteria are “algebraic”: look for functions or observables that   can 
only take specific set of values when calculated with separable states.
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Given	a	density	matrix,	if	its	partial	transpose	(with	respect	to	the	B	party)	has	positive	eigenvalues,	the	state	is	separable	

PPT (POSITIVE PARTIAL TRANSPOSE) CRITERION
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detect	all	entangled	states	by	different	witness	operators	

Peres, Horodeckis 

Let’s discuss a different approach: dynamical criterion

In	2x2	and	2x3	dimensions	is	also	necessary.	

Examples:	



Classically	correlated	states		
can	evolve	“differently”		
from	entangled	states		
under	unitary	transformations.			

<latexit sha1_base64="CR7gTW+A0OB7SvMQc2d744dDRdA=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoPgKcwEUY9BD3qMYBbIjKGnU0ma9Cx01whxCP6KFw+KePU/vPk3dpI5aOKDgsd7VVTV82MpNNr2t5VbWl5ZXcuvFzY2t7Z3irt7DR0likOdRzJSLZ9pkCKEOgqU0IoVsMCX0PSHVxO/+QBKiyi8w1EMXsD6oegJztBIneIB3KeCugOG6fWYujgAZONOsWSX7SnoInEyUiIZap3il9uNeBJAiFwyrduOHaOXMoWCSxgX3ERDzPiQ9aFtaMgC0F46vX5Mj43Spb1ImQqRTtXfEykLtB4FvukMGA70vDcR//PaCfYuvFSEcYIQ8tmiXiIpRnQSBe0KBRzlyBDGlTC3Uj5ginE0gRVMCM78y4ukUSk7Z+XK7WmpepnFkSeH5IicEIeckyq5ITVSJ5w8kmfySt6sJ+vFerc+Zq05K5vZJ39gff4AVPWVKA==</latexit>

eiĜ✓
<latexit sha1_base64="XGaIEmBgAy3yDbbc9gwUCV9W34I=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0mKqMeiF48V7Ic0oWy2m2bpbjbsToQS+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8MBXcgOt+O6W19Y3NrfJ2ZWd3b/+genjUMSrTlLWpEkr3QmKY4AlrAwfBeqlmRIaCdcPx7czvPjFtuEoeYJKyQJJRwiNOCVjp0Y8JYF/HalCtuXV3DrxKvILUUIHWoPrlDxXNJEuACmJM33NTCHKigVPBphU/MywldExGrG9pQiQzQT4/eIrPrDLEkdK2EsBz9fdETqQxExnaTkkgNsveTPzP62cQXQc5T9IMWEIXi6JMYFB49j0ecs0oiIklhGpub8U0JppQsBlVbAje8surpNOoe5f1xv1FrXlTxFFGJ+gUnSMPXaEmukMt1EYUSfSMXtGbo50X5935WLSWnGLmGP2B8/kDge+QOQ==</latexit>

⇢̂
<latexit sha1_base64="K7WQRTdsvy4OXqr/pxJrwUHNwhY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxCvZSkiHosevFYwX5AE8pmu2mWbjZhd6KU2p/ixYMiXv0l3vw3btsctPXBwOO9GWbmBangGhzn2yqsrW9sbhW3Szu7e/sHdvmwrZNMUdaiiUhUNyCaCS5ZCzgI1k0VI3EgWCcY3cz8zgNTmifyHsYp82MylDzklICR+nbZiwhgT0VJ1YOIATnr2xWn5syBV4mbkwrK0ezbX94goVnMJFBBtO65Tgr+hCjgVLBpycs0SwkdkSHrGSpJzLQ/mZ8+xadGGeAwUaYk4Ln6e2JCYq3HcWA6YwKRXvZm4n9eL4Pwyp9wmWbAJF0sCjOBIcGzHPCAK0ZBjA0hVHFzK6YRUYSCSatkQnCXX14l7XrNvajV784rjes8jiI6Rieoilx0iRroFjVRC1H0iJ7RK3qznqwX6936WLQWrHzmCP2B9fkDdiyTfQ==</latexit>
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why	interesting?		
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CHARACTERIZE ENTANGLEMENT DYNAMICALLY  



Quantum technologies 
in a nutshell

| iinitial
<latexit sha1_base64="2amBVBBi717Kf3lE/5SlPcm13XM=">AAAB/3icdVDLSgMxFM34rPU1KrhxEyyCq5JUse2u6MZlBfuAzjBk0rQNzWSGJCOUtgt/xY0LRdz6G+78GzNtBRU9EDiccy8354SJ4Nog9OEsLa+srq3nNvKbW9s7u+7eflPHqaKsQWMRq3ZINBNcsobhRrB2ohiJQsFa4fAq81t3TGkey1szSpgfkb7kPU6JsVLgHk68RHNPEdkXLBhzyQ0nYhq4BVRECGGMYUZw+QJZUq1WSrgCcWZZFMAC9cB997oxTSMmDRVE6w5GifHHRBlOBZvmvVSzhNAh6bOOpZJETPvj2f+n8MQqXdiLlX3SwJn6fWNMIq1HUWgnI2IG+reXiX95ndT0Kr4NlaSGSTo/1EsFNDHMyoBdrhg1YmQJocpGp5AOiCLU2MrytoSvpPB/0iwV8VkR3ZwXapeLOnLgCByDU4BBGdTANaiDBqBgAh7AE3h27p1H58V5nY8uOYudA/ADztsnXDSW+Q==</latexit>

geodesic	

Program: introduce a “speed” and a “distance” in the Hilbert space. 

S(✓) =
d

d✓
D(✓)

<latexit sha1_base64="WomD8NVZH7clzi7lrDHeYJrIMoQ=">AAACE3icbVDLSsNAFJ34rPUVdelmsAjVRUlU0I1Q1IXLivYBTSiT6aQdOnkwcyOUkH9w46+4caGIWzfu/BunbQRtPXDhcM65zNzjxYIrsKwvY25+YXFpubBSXF1b39g0t7YbKkokZXUaiUi2PKKY4CGrAwfBWrFkJPAEa3qDy5HfvGdS8Si8g2HM3ID0Qu5zSkBLHfPwtuxAnwE5wOfY8SWhOO3iTM9EzvDVT6BjlqyKNQaeJXZOSihHrWN+Ot2IJgELgQqiVNu2YnBTIoFTwbKikygWEzogPdbWNCQBU246vinD+1rpYj+SekLAY/X3RkoCpYaBp5MBgb6a9kbif147Af/MTXkYJ8BCOnnITwSGCI8Kwl0uGQUx1IRQyfVfMe0TXQzoGou6BHv65FnSOKrYxxXr5qRUvcjrKKBdtIfKyEanqIquUQ3VEUUP6Am9oFfj0Xg23oz3SXTOyHd20B8YH99N4JyN</latexit>

An algorithm drives the initial state (e.g. a register) to the target state (solution of the task) along 
the shortest path and as fast as possible given finite resources (minimizing a cost function)

Vision: characterize “dynamically” QT & entanglement

e.g.: Grover search algorithm,
quantum simulations, …

<latexit sha1_base64="HUM0wlPkWsqi3djinvsopV1giZg=">AAAB/nicdVDLSgMxFM3UV62vUXHlJlgEV2WmHdq6K7pxWcE+oDOUTJq2oZlkSDJCGQv+ihsXirj1O9z5N2baCip64MLhnHu5954wZlRpx/mwciura+sb+c3C1vbO7p69f9BWIpGYtLBgQnZDpAijnLQ01Yx0Y0lQFDLSCSeXmd+5JVJRwW/0NCZBhEacDilG2kh9++jOjxX1JeIjRvqpSHSc6FnfLjql83q17FWhU3Kcmlt2M1KueRUPukbJUARLNPv2uz8QOIkI15ghpXquE+sgRVJTzMis4CeKxAhP0Ij0DOUoIipI5+fP4KlRBnAopCmu4Vz9PpGiSKlpFJrOCOmx+u1l4l9eL9HDepBSbl4iHC8WDRMGtYBZFnBAJcGaTQ1BWFJzK8RjJBHWJrGCCeHrU/g/aZdLbrVUufaKjYtlHHlwDE7AGXBBDTTAFWiCFsAgBQ/gCTxb99aj9WK9Llpz1nLmEPyA9fYJ7XaWyA==</latexit>

| ioutput



Maximize the distance ( = move as fast as possible for a given   ) between the input and the output 
states given finite resources (minimizing a cost function)

Vision: characterize “dynamically” QT & entanglement

<latexit sha1_base64="CbSnBModNfOsPQb+Vg8auWYxIEg=">AAAB7XicbVBNS8NAEN3Ur1q/qh69LBbBU0lU1GPRi8cK9gPaUDbbSbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80jUo1hwZXUul2wAxIEUMDBUpoJxpYFEhoBaPbqd96Am2Eih9wnIAfsUEsQsEZWqnZxSEg65UrbtWdgS4TLycVkqPeK391+4qnEcTIJTOm47kJ+hnTKLiESambGkgYH7EBdCyNWQTGz2bXTuiJVfo0VNpWjHSm/p7IWGTMOApsZ8RwaBa9qfif10kxvPYzEScpQszni8JUUlR0+jrtCw0c5dgSxrWwt1I+ZJpxtAGVbAje4svLpHlW9S6r5/cXldpNHkeRHJFjcko8ckVq5I7USYNw8kieySt5c5Tz4rw7H/PWgpPPHJI/cD5/AKaTjzA=</latexit>

✓

e.g.: phase estimation

<latexit sha1_base64="HUM0wlPkWsqi3djinvsopV1giZg=">AAAB/nicdVDLSgMxFM3UV62vUXHlJlgEV2WmHdq6K7pxWcE+oDOUTJq2oZlkSDJCGQv+ihsXirj1O9z5N2baCip64MLhnHu5954wZlRpx/mwciura+sb+c3C1vbO7p69f9BWIpGYtLBgQnZDpAijnLQ01Yx0Y0lQFDLSCSeXmd+5JVJRwW/0NCZBhEacDilG2kh9++jOjxX1JeIjRvqpSHSc6FnfLjql83q17FWhU3Kcmlt2M1KueRUPukbJUARLNPv2uz8QOIkI15ghpXquE+sgRVJTzMis4CeKxAhP0Ij0DOUoIipI5+fP4KlRBnAopCmu4Vz9PpGiSKlpFJrOCOmx+u1l4l9eL9HDepBSbl4iHC8WDRMGtYBZFnBAJcGaTQ1BWFJzK8RjJBHWJrGCCeHrU/g/aZdLbrVUufaKjYtlHHlwDE7AGXBBDTTAFWiCFsAgBQ/gCTxb99aj9WK9Llpz1nLmEPyA9fYJ7XaWyA==</latexit>

| ioutput| iinitial
<latexit sha1_base64="2amBVBBi717Kf3lE/5SlPcm13XM=">AAAB/3icdVDLSgMxFM34rPU1KrhxEyyCq5JUse2u6MZlBfuAzjBk0rQNzWSGJCOUtgt/xY0LRdz6G+78GzNtBRU9EDiccy8354SJ4Nog9OEsLa+srq3nNvKbW9s7u+7eflPHqaKsQWMRq3ZINBNcsobhRrB2ohiJQsFa4fAq81t3TGkey1szSpgfkb7kPU6JsVLgHk68RHNPEdkXLBhzyQ0nYhq4BVRECGGMYUZw+QJZUq1WSrgCcWZZFMAC9cB997oxTSMmDRVE6w5GifHHRBlOBZvmvVSzhNAh6bOOpZJETPvj2f+n8MQqXdiLlX3SwJn6fWNMIq1HUWgnI2IG+reXiX95ndT0Kr4NlaSGSTo/1EsFNDHMyoBdrhg1YmQJocpGp5AOiCLU2MrytoSvpPB/0iwV8VkR3ZwXapeLOnLgCByDU4BBGdTANaiDBqBgAh7AE3h27p1H58V5nY8uOYudA/ADztsnXDSW+Q==</latexit>

<latexit sha1_base64="7griuYCxt0ivR2V/0c1ujKjkadI=">AAAB7XicdVDLSgNBEJyNrxhfUY9eBoPgaZk1yUZvQS8eI5gHJEuYnUySMbMPZnqFsOQfvHhQxKv/482/cTaJoKIFDUVVN91dfiyFBkI+rNzK6tr6Rn6zsLW9s7tX3D9o6ShRjDdZJCPV8anmUoS8CQIk78SK08CXvO1PrjK/fc+VFlF4C9OYewEdhWIoGAUjtXow5kD7xRKxq7Va2b3AxCblikvcjDik6lSxY5M5SmiJRr/43htELAl4CExSrbsOicFLqQLBJJ8VeonmMWUTOuJdQ0MacO2l82tn+MQoAzyMlKkQ8Fz9PpHSQOtp4JvOgMJY//Yy8S+vm8Dw3EtFGCfAQ7ZYNEwkhghnr+OBUJyBnBpCmRLmVszGVFEGJqCCCeHrU/w/aZ3ZjmuXbyql+uUyjjw6QsfoFDmohuroGjVQEzF0hx7QE3q2IuvRerFeF605azlziH7AevsECcyPdA==</latexit>

✓

Program: introduce a “speed” and a “distance” in the Hilbert space. 

S(✓) =
d

d✓
D(✓)

<latexit sha1_base64="WomD8NVZH7clzi7lrDHeYJrIMoQ=">AAACE3icbVDLSsNAFJ34rPUVdelmsAjVRUlU0I1Q1IXLivYBTSiT6aQdOnkwcyOUkH9w46+4caGIWzfu/BunbQRtPXDhcM65zNzjxYIrsKwvY25+YXFpubBSXF1b39g0t7YbKkokZXUaiUi2PKKY4CGrAwfBWrFkJPAEa3qDy5HfvGdS8Si8g2HM3ID0Qu5zSkBLHfPwtuxAnwE5wOfY8SWhOO3iTM9EzvDVT6BjlqyKNQaeJXZOSihHrWN+Ot2IJgELgQqiVNu2YnBTIoFTwbKikygWEzogPdbWNCQBU246vinD+1rpYj+SekLAY/X3RkoCpYaBp5MBgb6a9kbif147Af/MTXkYJ8BCOnnITwSGCI8Kwl0uGQUx1IRQyfVfMe0TXQzoGou6BHv65FnSOKrYxxXr5qRUvcjrKKBdtIfKyEanqIquUQ3VEUUP6Am9oFfj0Xg23oz3SXTOyHd20B8YH99N4JyN</latexit>

Quantum technologies 
in a nutshell
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When an entangled state is metrologically useful?
a simple argument  

Wigner distribution of a spin-coherent and a maximally  entangled state

The interferometer rotates the state in the Bloch sphere. 
Sensitivity is proportional to the minimum displacement 
such the the final state becomes orthogonal to the initial one.



STATISTICAL DISTANCES AND SPEEDS 



Distance between probability distributions

and speed

Introduce a function that, in analogy with distances among points in space, 
measures how far away (how much different) are two probability distributions:

triangular inequality
<latexit sha1_base64="/bFxwlwzq3jtdkgx9ma/Y4LqzX0=">AAAB/3icbVDLSgNBEJz1GeNrVfDiZTAInsKuCnoMevEYwTwgWULvZDYZMju7zvQKIUbwV7x4UMSrv+HNv3HyOGhiQUNR1T3TXWEqhUHP+3YWFpeWV1Zza/n1jc2tbXdnt2qSTDNeYYlMdD0Ew6VQvIICJa+nmkMcSl4Le1cjv3bPtRGJusV+yoMYOkpEggFaqeXuoxagOpkE/UjtG3cZSIH9llvwit4YdJ74U1IgU5Rb7leznbAs5gqZBGMavpdiMACNgkk+zDczw1NgPejwhqUKYm6CwXj/IT2ySptGibalkI7V3xMDiI3px6HtjAG7ZtYbif95jQyji2AgVJohV2zyUZRJigkdhUHbQnOGsm8JMC3srpR1QQNDG1nehuDPnjxPqidF/7To3ZwVSpfTOHLkgBySY+KTc1Ii16RMKoSRB/JMXsmb8+S8OO/Ox6R1wZnO7JE/cD5/AOCylqU=</latexit>

D[p(x), q(x)] � 0
<latexit sha1_base64="Qy+IaztHDkkxEkD8ZyKVSRjmu40=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSJUkJKIoMuiLlxWsA9IQ5lMJ+3QySTOTKQl9FfcuFDErT/izr9x2mahrQfu5XDOvcydEyScKe0439bK6tr6xmZhq7i9s7u3bx+UmipOJaENEvNYtgOsKGeCNjTTnLYTSXEUcNoKhjdTv/VEpWKxeNDjhPoR7gsWMoK1kbp26dZLKqPTs0fTfNTpU+R07bJTdWZAy8TNSRly1Lv2V6cXkzSiQhOOlfJcJ9F+hqVmhNNJsZMqmmAyxH3qGSpwRJWfzW6foBOj9FAYS1NCo5n6eyPDkVLjKDCTEdYDtehNxf88L9XhlZ8xkaSaCjJ/KEw50jGaBoF6TFKi+dgQTCQztyIywBITbeIqmhDcxS8vk+Z51XWq7v1FuXadx1GAIziGCrhwCTW4gzo0gMAInuEV3qyJ9WK9Wx/z0RUr3zmEP7A+fwAsepKS</latexit><latexit sha1_base64="Qy+IaztHDkkxEkD8ZyKVSRjmu40=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSJUkJKIoMuiLlxWsA9IQ5lMJ+3QySTOTKQl9FfcuFDErT/izr9x2mahrQfu5XDOvcydEyScKe0439bK6tr6xmZhq7i9s7u3bx+UmipOJaENEvNYtgOsKGeCNjTTnLYTSXEUcNoKhjdTv/VEpWKxeNDjhPoR7gsWMoK1kbp26dZLKqPTs0fTfNTpU+R07bJTdWZAy8TNSRly1Lv2V6cXkzSiQhOOlfJcJ9F+hqVmhNNJsZMqmmAyxH3qGSpwRJWfzW6foBOj9FAYS1NCo5n6eyPDkVLjKDCTEdYDtehNxf88L9XhlZ8xkaSaCjJ/KEw50jGaBoF6TFKi+dgQTCQztyIywBITbeIqmhDcxS8vk+Z51XWq7v1FuXadx1GAIziGCrhwCTW4gzo0gMAInuEV3qyJ9WK9Wx/z0RUr3zmEP7A+fwAsepKS</latexit><latexit sha1_base64="Qy+IaztHDkkxEkD8ZyKVSRjmu40=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSJUkJKIoMuiLlxWsA9IQ5lMJ+3QySTOTKQl9FfcuFDErT/izr9x2mahrQfu5XDOvcydEyScKe0439bK6tr6xmZhq7i9s7u3bx+UmipOJaENEvNYtgOsKGeCNjTTnLYTSXEUcNoKhjdTv/VEpWKxeNDjhPoR7gsWMoK1kbp26dZLKqPTs0fTfNTpU+R07bJTdWZAy8TNSRly1Lv2V6cXkzSiQhOOlfJcJ9F+hqVmhNNJsZMqmmAyxH3qGSpwRJWfzW6foBOj9FAYS1NCo5n6eyPDkVLjKDCTEdYDtehNxf88L9XhlZ8xkaSaCjJ/KEw50jGaBoF6TFKi+dgQTCQztyIywBITbeIqmhDcxS8vk+Z51XWq7v1FuXadx1GAIziGCrhwCTW4gzo0gMAInuEV3qyJ9WK9Wx/z0RUr3zmEP7A+fwAsepKS</latexit><latexit sha1_base64="Qy+IaztHDkkxEkD8ZyKVSRjmu40=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSJUkJKIoMuiLlxWsA9IQ5lMJ+3QySTOTKQl9FfcuFDErT/izr9x2mahrQfu5XDOvcydEyScKe0439bK6tr6xmZhq7i9s7u3bx+UmipOJaENEvNYtgOsKGeCNjTTnLYTSXEUcNoKhjdTv/VEpWKxeNDjhPoR7gsWMoK1kbp26dZLKqPTs0fTfNTpU+R07bJTdWZAy8TNSRly1Lv2V6cXkzSiQhOOlfJcJ9F+hqVmhNNJsZMqmmAyxH3qGSpwRJWfzW6foBOj9FAYS1NCo5n6eyPDkVLjKDCTEdYDtehNxf88L9XhlZ8xkaSaCjJ/KEw50jGaBoF6TFKi+dgQTCQztyIywBITbeIqmhDcxS8vk+Z51XWq7v1FuXadx1GAIziGCrhwCTW4gzo0gMAInuEV3qyJ9WK9Wx/z0RUr3zmEP7A+fwAsepKS</latexit>

D[p(x), q(x)] +D[q(x), r(x)] � D[p(x), r(x)]
<latexit sha1_base64="BpBX+eCckGwZoLoPbR5eKoEwDok=">AAACE3icbVC7TsMwFHXKq5RXgJHFokIqUFUJIMFYQQfGItGHlEaV47qtVccJtoOoov4DC7/CwgBCrCxs/A1OmgFajmT7+Jx7Zd/jhYxKZVnfRm5hcWl5Jb9aWFvf2Nwyt3eaMogEJg0csEC0PSQJo5w0FFWMtENBkO8x0vJGV4nfuidC0oDfqnFIXB8NOO1TjJSWuuZRzQlLD4flO725xzUnOcsiucDOgMDMTYWuWbQqVgo4T+yMFEGGetf86vQCHPmEK8yQlI5thcqNkVAUMzIpdCJJQoRHaEAcTTnyiXTjdKYJPNBKD/YDoRdXMFV/d8TIl3Lse7rSR2ooZ71E/M9zItW/cGPKw0gRjqcP9SMGVQCTgGCPCoIVG2uCsKD6rxAPkUBY6RgLOgR7duR50jyp2KcV6+asWL3M4siDPbAPSsAG56AKrkEdNAAGj+AZvII348l4Md6Nj2lpzsh6dsEfGJ8/ZwSauA==</latexit>

D[p(x), q(x)] = 0 iff p(x) = q(x)
<latexit sha1_base64="43x0TK80pWuoFzg/L36T2JS88xQ=">AAACB3icbZBNS8MwGMfT+TbnW9WjIMEhTJDRqqCXwVAPHie4F+jKSLN0C0vTmqTiKNvJi1/FiwdFvPoVvPltTLcedPpAwp/f/3lInr8XMSqVZX0Zubn5hcWl/HJhZXVtfcPc3GrIMBaY1HHIQtHykCSMclJXVDHSigRBgcdI0xtcpH7zjghJQ36jhhFxA9Tj1KcYKY065u6lE5XuDw5v9eXCCrTG1PfHKaqkqGMWrbI1KfhX2JkogqxqHfOz3Q1xHBCuMENSOrYVKTdBQlHMyKjQjiWJEB6gHnG05Cgg0k0me4zgviZd6IdCH67ghP6cSFAg5TDwdGeAVF/Oein8z3Ni5Z+5CeVRrAjH04f8mEEVwjQU2KWCYMWGWiAsqP4rxH0kEFY6uoIOwZ5d+a9oHJXt47J1fVKsnmdx5MEO2AMlYINTUAVXoAbqAIMH8ARewKvxaDwbb8b7tDVnZDPb4FcZH99Bm5cC</latexit>

i)

ii)

iii)

S(✓) = lim
✏!0

D[P (x|✓ + ✏), P (x|✓)]
✏

<latexit sha1_base64="1VX0dSNOdsS3yUvJjULSVsbMomM="></latexit>

Consider a probability distribution that depends continuously on a parameter 



a few examples of distances between two points 

1-norm 
distance

“Manhattan distance”. How may blocks a 
taxy cab must travel to reach the destination 
in a (n-dimensional) New York 

2-norm 
distance

Euclidean distance. Our intuitive idea of distance 
between two points in n-dimensional space 

infinity-norm distance “Chessboard distance” the number of moves a 
King should travel between two squares in a 
(n -dimensional )chessboard  

p ! 1
<latexit sha1_base64="iWcGnCAwiR5AQlRX54rOzKZoACg=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2ls120y7dbMLuRCmh/8OLB0W8+l+8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKzucZxwP6IDJULBKFrpIUtIF2PSFSrE8aRXKrsVdwayTLyclCFHvVf66vZjlkZcIZPUmI7nJuhnVKNgkk+K3dTwhLIRHfCOpYpG3PjZ7OoJObVKn4SxtqWQzNTfExmNjBlHge2MKA7NojcV//M6KYZXfiZUkiJXbL4oTCWxj04jIH2hOUM5toQyLeythA2ppgxtUEUbgrf48jJpViveeaV6d1GuXedxFOAYTuAMPLiEGtxCHRrAQMMzvMKb8+S8OO/Ox7x1xclnjuAPnM8fbQSSdw==</latexit>

Minkovski ~1900 	

Čebyšëv ~1850 	

<latexit sha1_base64="ClWfv/Rh9HVRUmh5MeOkQ//vmpo=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSGxUCWAgAWpgoWxSPQhtWnkuG5r1XYi20FUaRcWfoWFAYRY+Qc2/ganzQAtR7q6R+fcK/ueIGJUacf5tubmFxaXlnMr+dW19Y1Ne2u7qsJYYlLBIQtlPUCKMCpIRVPNSD2SBPGAkVrQv0792j2RiobiTg8i4nHUFbRDMdJG8u092FQx9xN66Y5aAg4ffNpC8ChtwdC3C07RGQPOEjcjBZCh7NtfzXaIY06Exgwp1XCdSHsJkppiRkb5ZqxIhHAfdUnDUIE4UV4yvmIED4zShp1QmhIajtXfGwniSg14YCY50j017aXif14j1p0LL6EiijURePJQJ2ZQhzCNBLapJFizgSEIS2r+CnEPSYS1CS5vQnCnT54l1eOie1Y8uT0tlK6yOHJgF+yDQ+CCc1ACN6AMKgCDR/AMXsGb9WS9WO/Wx2R0zsp2dsAfWJ8/i36X+g==</latexit> nX

i=1

|xa
i � xb

i |

<latexit sha1_base64="cyZNdeKeqvx9JSJU0ZzOxekzWpM="></latexit> 
nX

i=1

|xa
i � xb

i |2
!1/2

<latexit sha1_base64="CHWIeiuUnLx7lmPt1B2GZklU9RY="></latexit>

lim

 
nX

i=1

|xa
i � xb

i |p
!1/p



Hilbert-Schmidt	distance		

Trace	distance	(Kolmogorov	distance)	 Trace	speed	

Hellinger	distance	

f2 =
X

x

px(✓)

✓
@

@✓
log px(✓)

◆2

<latexit sha1_base64="c6ZxfEK+Ku0TABYe9uLOz0IC8Os="></latexit>

Fisher	information	

fhs =

"
X

x

✓
@

@✓
log px(✓)

◆2
#1/2

<latexit sha1_base64="WZxksrk/cM1z8SlU9p39ROiCUyM="></latexit>

a few examples of statistical distances and speeds 

f1 =
X

x

����
@ px(✓)

@✓

����
<latexit sha1_base64="FJpNuU9nvzp2QkAWjyxoEU759Ok="></latexit>

Hilbert-Schmidt	speed	

<latexit sha1_base64="lGyEiGJ0Wr+kZ7e09jjvEYZ9a9o="></latexit>⇣1
2

X

x

(
p
px �p

qx)
2
⌘1/2

<latexit sha1_base64="kszKUjjHWHI3H4HmjqWzMowuQnU="></latexit>⇣1
2

X

x

|px � qx|2
⌘1/2



distances and speeds depend on the measured observable.  
In some cases it is possible to maximize over all POVM  

P (x|✓) = Tr[⇢̂(✓)Êx]
<latexit sha1_base64="M0+yK0L7hvlTAv75O9EY1GwxuCE=">AAACF3icbZDLSgMxFIYz9VbrbdSlm2AR6qbMVEE3QlEElxV6g85QMmnaCc1cSM5Iy9i3cOOruHGhiFvd+TamF0Fbfwj8fOccTs7vxYIrsKwvI7O0vLK6ll3PbWxube+Yu3t1FSWSshqNRCSbHlFM8JDVgINgzVgyEniCNbz+1bjeuGNS8SiswjBmbkB6Ie9ySkCjtlmsFAb3DvgMyDG+wFXZcnwCqSP9aFT44RN0PWoP3LaZt4rWRHjR2DOTRzNV2uan04loErAQqCBKtWwrBjclEjgVbJRzEsViQvukx1rahiRgyk0nd43wkSYd3I2kfiHgCf09kZJAqWHg6c6AgK/ma2P4X62VQPfcTXkYJ8BCOl3UTQSGCI9Dwh0uGQUx1IZQyfVfMfWJJBR0lDkdgj1/8qKpl4r2SbF0e5ovX87iyKIDdIgKyEZnqIxuUAXVEEUP6Am9oFfj0Xg23oz3aWvGmM3soz8yPr4BEq2fQw==</latexit>

Quantum distances and speeds among density matrices

<latexit sha1_base64="zrVZxbzzc84Emg6t0hFdeHr+BsI=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFcFVmVNSNUBRBdxXsBdphyKSZNjTJDElGLMOAG1/FjQtF3PoS7nwb03YW2vpD4OM/53By/iBmVGnH+bYKc/MLi0vF5dLK6tr6hr251VBRIjGp44hFshUgRRgVpK6pZqQVS4J4wEgzGFyO6s17IhWNxJ0exsTjqCdoSDHSxvLtnY5KuP8AO32k06vM0PmEbzLfLjsVZyw4C24OZZCr5ttfnW6EE06Exgwp1XadWHspkppiRrJSJ1EkRniAeqRtUCBOlJeOb8jgvnG6MIykeULDsft7IkVcqSEPTCdHuq+mayPzv1o70eGZl1IRJ5oIPFkUJgzqCI4CgV0qCdZsaABhSc1fIe4jibA2sZVMCO70ybPQOKy4J5Wj2+Ny9SKPowh2wR44AC44BVVwDWqgDjB4BM/gFbxZT9aL9W59TFoLVj6zDf7I+vwBbOeXYw==</latexit>X
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Fisher	information	

Helstrom, Wooters, Braunstein and Caves, ‘80s 	

Important example: 

Hellinger	distance	 Bures	distance	
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max	
POVM	
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quantum	Fisher	information	

with	pure	states	
Independent  
of POVM !!!!	

<latexit sha1_base64="jXiuqJI1ZsUbzbUvfKSoP2GQvQo="></latexit>⇣
1� Tr

qp
⇢(✓)⇢

p
⇢(✓)

�⌘1/2

⇢̂(✓) = e�iĤ✓⇢̂ eiĤ✓
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IMPORTANT INEQUALITIES: 
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Heisenberg uncertainty relations: 

quantum		
Fisher	

classical		
Fisher	 (related	with	spin	squeezing)	

arbitrary	Hermitian	operators		
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WITNESSING ENTANGLEMENT WITH STATISTICAL SPEEDS 



ii)  sub-additivity    S[⇢̂1 ⌦ ⇢̂2, Ĥ1 + Ĥ2]  S[⇢̂1, Ĥ1] + S[⇢̂2, Ĥ2]
<latexit sha1_base64="6qOITwx5JBqSNmob4tfchSVcnsI="></latexit>

i)   convexity S[↵⇢̂1 + (1� ↵)⇢̂2, Ĥ]  ↵S[⇢̂1Ĥ] + (1� ↵)S[⇢̂2, Ĥ]
<latexit sha1_base64="wVebPrzPVFSZW7hbPTYoDLikn2w="></latexit>

Ĥ
<latexit sha1_base64="XjTGDhnyNp9XKPiiIm2Yzb2L9Tg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRS48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GdzO//cS1EbF6wEnC/YgOlQgFo2ilVm9EkdT75Ypbdecgq8TLSQVyNPrlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqpoxI2fza+dkjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J442dCJSlyxRaLwlQSjMnsdTIQmjOUE0so08LeStiIasrQBlSyIXjLL6+S1kXVu6y691eV2m0eRxFO4BTOwYNrqEEdGtAEBo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+APjTjrk=</latexit>

is the generator of the parametric evolution. 

Two important properties of statistical speeds: 

<latexit sha1_base64="N8O3u8vQ4gAvhXwmalMWoNPIicM=">AAAB/XicbZDJSgNBEIZ7XGPcxuXmpTEInsKMinoMevEYwSyQGUJNp5I06Vns7hHiEHwVLx4U8ep7ePNt7CRz0MQfGj7+qqKq/yARXGnH+bYWFpeWV1YLa8X1jc2tbXtnt67iVDKssVjEshmAQsEjrGmuBTYTiRAGAhvB4HpcbzygVDyO7vQwQT+EXsS7nIE2Vtved6gn8J56IJI+TNlt2yWn7ExE58HNoURyVdv2l9eJWRpipJkApVquk2g/A6k5EzgqeqnCBNgAetgyGEGIys8m14/okXE6tBtL8yJNJ+7viQxCpYZhYDpD0H01Wxub/9Vaqe5e+hmPklRjxKaLuqmgOqbjKGiHS2RaDA0Ak9zcSlkfJDBtAiuaENzZL89D/aTsnpdPb89Klas8jgI5IIfkmLjkglTIDamSGmHkkTyTV/JmPVkv1rv1MW1dsPKZPfJH1ucPgCKT+g==</latexit>

0  ↵  1

<latexit sha1_base64="bipwLJDjVyR4hgxCXh54Y+PtCvY="></latexit>

�2(↵⇢̂1 + (1� ↵)⇢̂2, Ĥ) � ↵ �2(⇢̂1, Ĥ) + (1� ↵) �2(⇢̂2, Ĥ)

-)   concavity of the variance

(full additivity only for the Fisher info)    



 Consider a N-partite classically correlated state

and a local Hamiltonian                   

<latexit sha1_base64="gj2xCo/KdE280MQS/SHAjhRG8E4=">AAACzHicdVFNbxMxEPUuXyV8BThysaiQuLBaJ7TNpVIFQmovUZBIWymbrmYdJ2t1vV7ZsxXRantB4n/wTzhz5MaZP4LzUWkDYSRLz2/ePI9nkiKTFsPwl+ffun3n7r2d+60HDx89ftJ++uzU6tJwMeQ60+Y8ASsymYshSszEeWEEqCQTZ8nl+0X+7EoYK3X+CeeFGCuY5XIqOaCj4vZvKi6qN5JGKWB1XNMIU4 FQr+6RSXUdV1YU9bWT/auih5EtVRzNQCmggzW43vSM2Y2+Ycou1kVN34ZSo1TC0iAINr36W7z6Da9t0ri9GwZhb6/DDqgDe287vQXYZ2G3yygLwmXsHp20Pnz78f3LIG7/jCaal0rkyDOwdsTCAscVGJQ8E3UrKt1IgF/CTIwczMG1Oq6Wy6jpK8dM6FQbd3KkS7ZZUYGydq4Sp1SAqf07tyC35UYlTnvjSuZFiSLnq4emZUZR08Vm6UQawTGbOwDcSNcr5SkY4Oj233JDuPkp/T847QRsP+h+dNN4R1axQ16Ql+Q1YeSAHJFjMiBDwr0TT3ufvbnf99Gv/Hol9b11zXOyEf7XP4B/5Og=</latexit>
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X

�

P� e�iĤ1✓⇢̂�1e
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Ĥ =
NX

i=1

Ĥi

calculate the maximum statistical speed

so that no entanglement is created or destroyed during  
the evolution. Relevant in interferometry. 
 It is possible to extend to arbitrary Hamiltonians but 
 bounds cannot be written in general form.	



<latexit sha1_base64="bk37Sp3fBRnQX71W+ta/AGnzVsY=">AAACCXicbVDLSsNAFJ3UV62vqOBGF4NFcKElUVCXBTd1V9E+IAlxMp2YoZMHMxOhhG7d+BH+gJsuFHHrH7jzb5ykXWjrgQuHc+7l3nu8hFEhDeNbK83NLywulZcrK6tr6xv65lZbxCnHpIVjFvOuhwRhNCItSSUj3YQTFHqMdLz+Ze53HggXNI5u5SAhTojuI+pTjKSSXB3eWHaAJLR5ELuZIMnwCBZCw4E2I7Di6lWjZhSAs8SckGr9eO+u9Lwzarr6l92LcRqSSGKGhLBMI5FOhrikmJFhxU7VFoT76J5YikYoJMLJik+G8EApPejHXFUkYaH+nshQKMQg9FRniGQgpr1c/M+zUulfOBmNklSSCI8X+SmDMoZ5LLBHOcGSDRRBmFN1K8QB4ghLFV4egjn98ixpn9TMs9rptUrjCoxRBrtgHxwCE5yDOmiAJmgBDB7BC3gFb9qTNtLetY9xa0mbzGyDP9A+fwBX3psT</latexit>

S[⇢̂sep, Ĥ] 

The variance is calculated with the (experimentally 
accessible reduced density matrix	

hmax, hmin                       are the 
highest and lowest 
eigenvalues of   	̂Hi

If the dimensions of the Hilbert space 
are finite and equal to each other 	

<latexit sha1_base64="PeWwNu6qY1zdWXboew8a+DfpiSk="></latexit>

csep = N(hmax � hmin)
2

<latexit sha1_base64="46MAg1XH2KvZ2jDTZm4y8SkocJg="></latexit>

 4
NX

i=1

�2(⇢̂i, Ĥi)

<latexit sha1_base64="TKeqycrEFPavIMa12fbF7ad2Bqs=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hV0F9WbAi94imAckmzA76U2GzD6cmY2EJf/hxYMiXv0V8ebfONnkoIkFDUVV90x3ebHgStv2t7W0vLK6tp7byG9ube/sFvb2aypKJMMqi0QkGx5VKHiIVc21wEYskQaewLo3uJ749SFKxaPwXo9idAPaC7nPGdVGarfwIeFDwtqpwnjcKRTtkp2BLBJnRopXn5Ch0il8tboRSwIMNRNUqaZjx9pNqdScCRznW4l5lrIB7WHT0JAGqNw023pMjo3SJX4kTYWaZOrviZQGSo0Cz3QGVPfVvDcR//OaifYv3ZSHcaIxZNOP/EQQHZFJBKTLJTItRoZQJrnZlbA+lZRpE1TehODMn7xIaqcl57x0dmcXy7fTNCAHh3AEJ+DABZThBipQBQYSnuAFXq1H69l6s96nrUvWbOYA/sD6+AE5IZPH</latexit>

⌘ csep
<latexit sha1_base64="iLR7FIIFj1FWFbH0JRRmSUX8aiw="></latexit>

 4N Max{
NX

i=1

�2(⇢̂i, Ĥi), 8i}

<latexit sha1_base64="jiDIVA0WJVwZpOStYeY8GsFKNHk="></latexit>


X

�

P� S[⇢̂�1 ⌦ ...⇢̂
�
N , Ĥ]

convexity
(sub-) additivity

concavity of the variance

<latexit sha1_base64="ThiUOjbpGq1b4/2TFiHVwrS5ag0="></latexit>

⇢̂sep =
X

�

P� ⇢̂�1 ⌦ ...⇢̂�N

<latexit sha1_base64="kAlPa30jbmHSlMNdN7GG9kH24CM="></latexit>

⇢̂i = Tr[⇢̂j 6=i] =
X

�

P� ⇢̂i

<latexit sha1_base64="6HKOpeG9/EubHnBtQQjHNoB+UGE="></latexit>


X

�

P�

NX

i=1

S(⇢̂�i , Ĥi)

<latexit sha1_base64="Wjb6x6Q9bZRuxKd2qUu5IN5tGng="></latexit>

 4
X

�

P�

NX

i=1

�2(⇢̂�i , Ĥi) 

bound with the variance



L. Pezzè and A. Smerzi, 2009

 Speed limits:

cent
<latexit sha1_base64="A7hIHS32+LUl+sUIlYbcG++rR+g=">AAAB7nicdVDLSgMxFM3UV62vqks3wSK4GjLToa27ohuXFewD2rFk0kwbmskMSUYoQz/CjQtF3Po97vwbM20FFT0QOJxzD7n3BAlnSiP0YRXW1jc2t4rbpZ3dvf2D8uFRR8WpJLRNYh7LXoAV5UzQtmaa014iKY4CTrvB9Cr3u/dUKhaLWz1LqB/hsWAhI1gbqUvuMir0fFiuIPuiUXO9GkQ2QnXHdXLi1r2qBx2j5KiAFVrD8vtgFJM0MmHCsVJ9ByXaz7DUjHA6Lw1SRRNMpnhM+4YKHFHlZ4t15/DMKCMYxtI8oeFC/Z7IcKTULArMZIT1RP32cvEvr5/qsOFnTCSppoIsPwpTDnUM89vhiElKNJ8ZgolkZldIJlhiok1DJVPC16Xwf9Jxbadqoxuv0rxc1VEEJ+AUnAMH1EETXIMWaAMCpuABPIFnK7EerRfrdTlasFaZY/AD1tsnA3WQBA==</latexit>

csep
<latexit sha1_base64="IwU6ahJgwpt/PEHbM9OzHNv4FSo=">AAAB7nicdVDLSgMxFL1TX7W+qi7dBIvgqiRVbLsrunFZwT6gHUsmzbShmQdJRihDP8KNC0Xc+j3u/BszbQUVPRA4nHPvzb3Hi6XQBuMPJ7eyura+kd8sbG3v7O4V9w/aOkoU4y0WyUh1Paq5FCFvGWEk78aK08CTvONNrjK/c8+VFlF4a6YxdwM6CoUvGDVW6rC7VPN4NiiWcBljTAhBGSHVC2xJvV6rkBoimWVRgiWag+J7fxixJOChYZJq3SM4Nm5KlRFM8lmhn9ixlE3oiPcsDWnAtZvO152hE6sMkR8p+0KD5ur3jpQGWk8Dz1YG1Iz1by8T//J6ifFrbirCODE8ZIuP/EQiE6HsdjQUijMjp5ZQpoTdFbExVZQZm1DBhvB1KfqftCtlclbGN+elxuUyjjwcwTGcAoEqNOAamtACBhN4gCd4dmLn0XlxXhelOWfZcwg/4Lx9AvHlj/k=</latexit> Classically correlated states 

live here 

classically
correlated

maximally 
entangled	

 csep
<latexit sha1_base64="edECsFJUgrvffWA9ejyembLJX40=">AAAB83icdVDLSgMxFM34rPVVdekmWARXJali213RjcsK9gGdsWTS2zY08zDJCGXob7hxoYhbf8adf2OmraCiBy4czrk3uff4sRTaEPLhLC2vrK6t5zbym1vbO7uFvf2WjhLFockjGamOzzRIEULTCCOhEytggS+h7Y8vM799D0qLKLwxkxi8gA1DMRCcGSu5roQ7zG9TDfG0VyiSEiGEUoozQivnxJJarVqmVUwzy6KIFmj0Cu9uP+JJAKHhkmndpSQ2XsqUEVzCNO8m9lnGx2wIXUtDFoD20tnOU3xslT4eRMpWaPBM/T6RskDrSeDbzoCZkf7tZeJfXjcxg6qXijBODIR8/tEgkdhEOAsA94UCbuTEEsaVsLtiPmKKcWNjytsQvi7F/5NWuURPS+T6rFi/WMSRQ4foCJ0giiqojq5QAzURRzF6QE/o2UmcR+fFeZ23LjmLmQP0A87bJ17+kek=</latexit>

 cent
<latexit sha1_base64="sMNJLXTBzzMChkXhEAap7IFNyd8=">AAAB83icdVDLSgMxFM34rPVVdekmWARXQ6Yd2rorunFZwT6gM5ZMmmlDM5kxyQhl6G+4caGIW3/GnX9jpq2gogcCh3Pu4d6cIOFMaYQ+rJXVtfWNzcJWcXtnd2+/dHDYUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wucz97j2VisXiRk8T6kd4JFjICNZG8jxO7yC5zajQs0GpjOzzRq3i1iCyEao7FScnlbpbdaFjlBxlsERrUHr3hjFJIxMmHCvVd1Ci/QxLzQins6KXKppgMsEj2jdU4IgqP5vfPIOnRhnCMJbmCQ3n6vdEhiOlplFgJiOsx+q3l4t/ef1Uhw0/YyJJNRVksShMOdQxzAuAQyYp0XxqCCaSmVshGWOJiTY1FU0JXz+F/5NOxXaqNrp2y82LZR0FcAxOwBlwQB00wRVogTYgIAEP4Ak8W6n1aL1Yr4vRFWuZOQI/YL19AnB/kfQ=</latexit>

S(⇢̂, Ĥ)
<latexit sha1_base64="GkKqtvlE/7aKU0MF+ux2UDtaNBY=">AAAB/HicdZDLSsNAFIYn9VbrLdqlm8EiVJCSpCl1WXTTZUV7gSaUyXTSDJ1cmJkIodRXceNCEbc+iDvfxklbQUUPDHz8/zmcM7+XMCqkYXxohbX1jc2t4nZpZ3dv/0A/POqJOOWYdHHMYj7wkCCMRqQrqWRkkHCCQo+Rvje9yv3+HeGCxtGtzBLihmgSUZ9iJJU00ss3VSdAEjo8iM8X1D4b6RWjZhiGZVswB6tRb+Rg2g27Cc3cUlUBq+qM9HdnHOM0JJHEDAkxNI1EujPEJcWMzEtOKkiC8BRNyFBhhEIi3Nni+Dk8VcoY+jFXL5JwoX6fmKFQiCz0VGeIZCB+e7n4lzdMpX/hzmiUpJJEeLnITxmUMcyTgGPKCZYsU4Awp+pWiAPEEZYqr5IK4eun8H/oWTWzXjOu7UrrchVHERyDE1AFJmiCFmiDDugCDDLwAJ7As3avPWov2uuytaCtZsrgR2lvnxrNk8Y=</latexit>

Statistical speeds are the most powerful tools we currently 
have to witness and characterize multi-partite entanglement.  

Eg.: N particles in a MZ interferometer: 

<latexit sha1_base64="ysWqI2Yasqz+LQ2gdAqlGtlltec=">AAAB8XicbVDLSsNAFJ3UV62vqks3wSK4KolCdVlwo7sKpi02oUymk2boZCbM3AgldOM3uHGhiFs3/oQ/4M7P8A+cPhbaeuDC4Zx7ufeeMOVMg+N8WYWl5ZXVteJ6aWNza3unvLvX1DJThHpEcqnaIdaUM0E9YMBpO1UUJyGnrXBwMfZbd1RpJsUNDFMaJLgvWMQIBiPd+jGG3FexHHXLFafqTGAvEndGKvXK98e9915rdMuffk+SLKECCMdad1wnhSDHChjhdFTyM01TTAa4TzuGCpxQHeSTi0f2kVF6diSVKQH2RP09keNE62ESms4EQ6znvbH4n9fJIDoPcibSDKgg00VRxm2Q9vh9u8cUJcCHhmCimLnVJjFWmIAJqWRCcOdfXiTNk6pbq55emzSu0BRFdIAO0TFy0Rmqo0vUQB4iSKAH9ISeLW09Wi/W67S1YM1m9tEfWG8/HkeU9Q==</latexit>

⇢̂

S(⇢̂, Ĥ)
<latexit sha1_base64="g1j3U+zMMywNQHdUqMAUxxOLcSo=">AAAB/XicbZDLSgMxFIYz9Vbrbbzs3ASLUEHKTBV0WXTTZUV7gc5QMmmmDc0kQ5IR6lB8FTcuFHHre7jzbcy0s9DqD4GP/5zDOfmDmFGlHefLKiwtr6yuFddLG5tb2zv27l5biURi0sKCCdkNkCKMctLSVDPSjSVBUcBIJxhfZ/XOPZGKCn6nJzHxIzTkNKQYaWP17YPbijdCOvXkSExPM4SNk75ddqrOTPAvuDmUQa5m3/70BgInEeEaM6RUz3Vi7adIaooZmZa8RJEY4TEakp5BjiKi/HR2/RQeG2cAQyHN4xrO3J8TKYqUmkSB6YyQHqnFWmb+V+slOrz0U8rjRBOO54vChEEtYBYFHFBJsGYTAwhLam6FeIQkwtoEVjIhuItf/gvtWtU9q9Zuzsv1qzyOIjgER6ACXHAB6qABmqAFMHgAT+AFvFqP1rP1Zr3PWwtWPrMPfsn6+AZVY5R+</latexit>

<latexit sha1_base64="TL+WXqiN6f1+BsHhfBZZG8y5uxE=">AAAB73icdVDJSgNBEK2JW4xb1KOXxiB4GmaSzKi3oBdPEsEskAyhp9OTNOlZ0t0jhCE/4cWDIl79HW/+jZ1FUNEHBY/3qqiq5yecSWVZH0ZuZXVtfSO/Wdja3tndK+4fNGWcCkIbJOaxaPtYUs4i2lBMcdpOBMWhz2nLH13N/NY9FZLF0Z2aJNQL8SBiASNYaandlWOhsptpr1iyTKvqVMou0qTilp2qJo7rus4Fsk1rjhIsUe8V37v9mKQhjRThWMqObSXKy7BQjHA6LXRTSRNMRnhAO5pGOKTSy+b3TtGJVvooiIWuSKG5+n0iw6GUk9DXnSFWQ/nbm4l/eZ1UBedexqIkVTQii0VBypGK0ex51GeCEsUnmmAimL4VkSEWmCgdUUGH8PUp+p80y6btmpXbaql2uYwjD0dwDKdgwxnU4Brq0AACHB7gCZ6NsfFovBivi9acsZw5hB8w3j4B3/GQiw==</latexit>p
N

<latexit sha1_base64="NAPbOk8ZTtXps9/UK+QIBpxR+kc=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaSzKi3oBdPkoBZIBlCT6cnadOz0N0jhCFf4MWDIl79JG/+jZ1FUNEHBY/3qqiq5yecSWVZH0ZuZXVtfSO/Wdja3tndK+4ftGScCkKbJOax6PhYUs4i2lRMcdpJBMWhz2nbH1/N/PY9FZLF0a2aJNQL8TBiASNYaalx0y+WLNOqOpWyizSpuGWnqonjuq5zgWzTmqMES9T7xffeICZpSCNFOJaya1uJ8jIsFCOcTgu9VNIEkzEe0q6mEQ6p9LL5oVN0opUBCmKhK1Jorn6fyHAo5ST0dWeI1Uj+9mbiX143VcG5l7EoSRWNyGJRkHKkYjT7Gg2YoETxiSaYCKZvRWSEBSZKZ1PQIXx9iv4nrbJpu2alUS3VLpdx5OEIjuEUbDiDGlxDHZpAgMIDPMGzcWc8Gi/G66I1ZyxnDuEHjLdPF/WNJw==</latexit>

N

Classically correlated	

Maximally entangled	

Entangled states 
can live here 



Entanglement

Fisher

Kolmogorov

Hilbert-Schmidt   

Hilbert-Schmidt   FisherKolmogorov

Hierarchy of entangled states witnessed by statistical speeds

... 

vuutX

n

✓
@Pn

@✓
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X

n

����
@Pn

@✓

����  ... 

vuutX

n

1

Pn

✓
@Pn

@✓

◆2

<latexit sha1_base64="ZS0eS+GUpxcSaeHrlV5mb8OiLbU="></latexit>



Heisenberg uncertainty relations for separabe states: 

M.	Gessner,	L.	Pezzè,	A.	Smerzi		(2017)	

<latexit sha1_base64="WmP2nkhIvm3R50HUeMp6w5u+YnI="></latexit>

�2(Â) �2(B̂)⇢̂1⌦⇢̂2⌦...⇢̂N � 1

4
|h[Â, B̂]i|2

<latexit sha1_base64="9PAnHhNA4T3cQtEtHj+uk9jET/M="></latexit>

|h[Ĥ, M̂ ]i|2

�2(M̂)
 F (⇢̂, Ĥ)  4 �2(Ĥ)⇢̂1⌦⇢̂2⌦...⇢̂N  c

sep

Summary:		 classical	correlations	

HUR criteria are weaker but sometimes easier to be verified experimentally 



Research program: Can different speeds 
recognize entanglement useful for different 
quantum technologies? 
(answer known only for the Fisher information)  

Device-independent quantum 
cryptography requires non-locality

Entanglement-assisted subchannel 
discrimination depends on steering

Entanglement

Fisher

Kolmogorov

Hilbert-Schmidt   



Exercitei
Prove that

p ly txytl f P Werner state

Ewtungler for Pdf
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QUANTUM  INTERFEROMETRY 



Michelson and Morley (1887) 
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VIRGO (Pisa) 

L. Zehnder, Zeits (1891)                                                                    
L. Mach, (1892)                                                                                     
E. Mach, L. Mach (1889) 



HOW TO DRIVE A QUBIT AROUND THE BLOCH SPHERE 

<latexit sha1_base64="v2FHzw4nrE9w6rgJumZeUKKM6ws="></latexit>

| i = cos
✓

2
|1i+ ei� sin

✓

2
|0i

<latexit sha1_base64="MiMdW5qxfxVSQqDCubK4IeVVkGE=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSGxUCUVAsYKFsYi0YfUhMhxncaq7US2g1SiLCz8CgsDCLHyD2z8De5jgJYjXenonHt17z1hyqjSjvNtLSwuLa+sltbK6xubW9v2zm5LJZnEpIkTlshOiBRhVJCmppqRTioJ4iEj7XBwNfLb90QqmohbPUyJz1Ff0IhipI0U2AfkLj+h0IuRzj1F+xwVwQP00pjCAgZ2xak6Y8B54k5JBUzRCOwvr5fgjBOhMUNKdV0n1X6OpKaYkaLsZYqkCA9Qn3QNFYgT5efjLwp4ZJQejBJpSmg4Vn9P5IgrNeSh6eRIx2rWG4n/ed1MRxd+TkWaaSLwZFGUMagTOIoE9qgkWLOhIQhLam6FOEYSYW2CK5sQ3NmX50mrVnXPqrWb00r9chpHCeyDQ3AMXHAO6uAaNEATYPAInsEreLOerBfr3fqYtC5Y05k98AfW5w+x2pgP</latexit>

e�i�̂z�

<latexit sha1_base64="l290wfu24Wtzmc3prT55EA2Cjhg="></latexit>

e�i��̂~n/2 = cos
�

2
� i�̂~n sin

�

2

phase shifter 

<latexit sha1_base64="ugETDUnTZ8835BvVnGDPyC6C+S8=">AAACEnicbVDLSgMxFL3js9bXqEs3wSIoQpmpoi6LblxWsA/olJJJM21oJjMmGaFM+w1u/BU3LhRx68qdf2PazkJbDwROzrn3Jvf4MWdKO863tbC4tLyymlvLr29sbm3bO7s1FSWS0CqJeCQbPlaUM0GrmmlOG7GkOPQ5rfv967Fff6BSsUjc6UFMWyHuChYwgrWR2vaxF0hM0qHrSSy6nKIThNDQQdl1lHrqXuq0NBq17YJTdCZA88TNSAEyVNr2l9eJSBJSoQnHSjVdJ9atFEvNiJmc9xJFY0z6uEubhgocUtVKJyuN0KFROiiIpDlCo4n6uyPFoVKD0DeVIdY9NeuNxf+8ZqKDy1bKRJxoKsj0oSDhSEdonA/qMEmJ5gNDMJHM/BWRHjYZaZNi3oTgzq48T2qlontePL09K5SvsjhysA8HcAQuXEAZbqACVSDwCM/wCm/Wk/VivVsf09IFK+vZgz+wPn8AYYSdUw==</latexit>

|1i+ |0ip
2

<latexit sha1_base64="+HVoLlYG6Sz2MNb+nd/GzpaE6Sc=">AAACHXicbVDLSgMxFM34rPU16tJNsAiCWGZqUZdFNy4r2Ad0asmkmTY0kxmTjFDS+RE3/oobF4q4cCP+jWk7C209cOFwzr3JvcePGZXKcb6thcWl5ZXV3Fp+fWNza9ve2a3LKBGY1HDEItH0kSSMclJTVDHSjAVBoc9Iwx9cjf3GAxGSRvxWDWPSDlGP04BipIzUscteIBDWI9cTiPcYgccQkjt9QqEX92kKRw7MnFR78l4oXUrTjl1wis4EcJ64GSmADNWO/el1I5yEhCvMkJQt14lVWyOhKDYv571EkhjhAeqRlqEchUS29eS6FB4apQuDSJjiCk7U3xMahVIOQ990hkj15aw3Fv/zWokKLtqa8jhRhOPpR0HCoIrgOCrYpYJgxYaGICyo2RXiPjJxKRNo3oTgzp48T+qlontWPL0pFyqXWRw5sA8OwBFwwTmogGtQBTWAwSN4Bq/gzXqyXqx362PaumBlM3vgD6yvH9ZJoc8=</latexit>

|1i+ e�i�|0ip
2

<latexit sha1_base64="DRaZ3va5TU5Ep++KxIljyS8IRTE=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgxppUUZdFNy4r2Ac0MUymk3boTBJmJkIIWbnxV9y4UMSt3+DOv3HaZqGtBy4czrmXe+/xY0alsqxvo7SwuLS8Ul6trK1vbG6Z2zttGSUCkxaOWCS6PpKE0ZC0FFWMdGNBEPcZ6fij67HfeSBC0ii8U2lMXI4GIQ0oRkpLnrlP7rNjCp0hUpkj6YCj3EuhE9OTOsyhZ1atmjUBnCd2QaqgQNMzv5x+hBNOQoUZkrJnW7FyMyQUxYzkFSeRJEZ4hAakp2mIOJFuNnkjh4da6cMgErpCBSfq74kMcSlT7utOjtRQznpj8T+vl6jg0s1oGCeKhHi6KEgYVBEcZwL7VBCsWKoJwoLqWyEeIoGw0slVdAj27MvzpF2v2ee109uzauOqiKMM9sABOAI2uAANcAOaoAUweATP4BW8GU/Gi/FufExbS0Yxswv+wPj8AdR3mBI=</latexit>

e�i�̂y⇡/2

<latexit sha1_base64="ugETDUnTZ8835BvVnGDPyC6C+S8=">AAACEnicbVDLSgMxFL3js9bXqEs3wSIoQpmpoi6LblxWsA/olJJJM21oJjMmGaFM+w1u/BU3LhRx68qdf2PazkJbDwROzrn3Jvf4MWdKO863tbC4tLyymlvLr29sbm3bO7s1FSWS0CqJeCQbPlaUM0GrmmlOG7GkOPQ5rfv967Fff6BSsUjc6UFMWyHuChYwgrWR2vaxF0hM0qHrSSy6nKIThNDQQdl1lHrqXuq0NBq17YJTdCZA88TNSAEyVNr2l9eJSBJSoQnHSjVdJ9atFEvNiJmc9xJFY0z6uEubhgocUtVKJyuN0KFROiiIpDlCo4n6uyPFoVKD0DeVIdY9NeuNxf+8ZqKDy1bKRJxoKsj0oSDhSEdonA/qMEmJ5gNDMJHM/BWRHjYZaZNi3oTgzq48T2qlontePL09K5SvsjhysA8HcAQuXEAZbqACVSDwCM/wCm/Wk/VivVsf09IFK+vZgz+wPn8AYYSdUw==</latexit>

|1i+ |0ip
2

<latexit sha1_base64="fS/lcJQlfT5pSamkrLvzGCnOvy4=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGC/cA2lM120i7dbMLuRiix/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LejBP0IzqQPOSMGis9PHldReVAIOmVym7FnYEsEy8nZchR75W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NLp6QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIrP+MySQ1KNl8UpoKYmEzfJ32ukBkxtoQyxe2thA2poszYkIo2BG/x5WXSrFa8i0r17rxcu87jKMAxnMAZeHAJNbiFOjSAgYRneIU3RzsvzrvzMW9dcfKZI/gD5/MHEgOQhw==</latexit>

|1i



5

tained after a full interferometer sequence using entan-
gled states as input to the atom interferometer. Filled
circles report witnesses of metrologically useful entangle-
ment (i.e., spin squeezing and Fisher information) mea-
sured on experimentally generated states, representing
potential improvement in sensitivity. Open circles are
inferred squeezing, being obtained after subtraction of
detection noise. The Heisenberg limit has been reached
with up to ⇠10 trapped ions. Attaining this ultimate
bound with a much larger number of particles is beyond
current technology as it requires the creation and pro-
tection of large amounts of entanglement. Nevertheless,
metrological gains up to ⇠100 have been reported with
large atomic ensembles (Hosten et al., 2016a). A glance
at Fig. 2 reveals how quantum metrology with atomic
ensembles is a very active area of research in physics.
Moreover, the reported results prove that the field is now
mature enough to take the step from proofs-of-principle
to technological applications.

D. Outline

This Review presents modern developments of phase-
estimation techniques in atomic systems aided by
quantum-mechanical entanglement, as well as fundamen-
tal studies of the associated entangled states. In Sec. II,
we give a theoretical overview of quantum-enhanced
metrology. We first discuss the concepts of spin squeez-
ing and Fisher information considering spin-1/2 parti-
cles. We then illustrate di↵erent atomic systems where
quantum-enhanced phase estimation—or, at least, the
creation of useful entanglement for quantum metrology—
has been demonstrated. Sections III and IV review the
generation of entangled states in Bose-Einstein conden-
sates. Section V describes the generation of entangled
states of many atoms through the common coupling to
an external light field. Section VI describes metrology
with ensembles of trapped ions. Finally, Sec. VII gives
an overview of the experimentally realized entanglement-
enhanced interferometers and the realistic perspective to
increase the sensitivity of state-of-the-art atomic clocks
and magnetometers. This section also discusses the im-
pact of noise in the di↵erent interferometric protocols.

II. FUNDAMENTALS

In this Review we consider systems and operations in-
volvingN particles and assume that all of their degrees of
freedom are restricted to only two modes (single-particle
states) that we identify as |ai and |bi. These can be
two hyperfine states of an atom, as in a Ramsey interfer-
ometer (Ramsey, 1963), two energy levels of a trapping
potential, or two spatially-separated arms, as in a Mach-
Zehnder interferometer (Mach, 1892; Zehnder, 1891), see

FIG. 3 Two-mode interferometers. In a Mach-Zehnder
interferometer (a) two spatial modes |ai and |bi are combined
on a balanced beam splitter, followed by a relative phase shift
✓ = ✓a � ✓b between the two arms, and finally recombined on
a second balanced beam splitter. In a Ramsey interferometer
(b) a resonant Rabi rotation creates a balanced superposition
between two internal states |ai and |bi, followed by a rela-
tive phase shift given by the energy di↵erence between these
states multiplied by the interrogation time, ✓ = (�E/~)⇥TR.
Finally a second resonant Rabi rotation recombines the two
modes. (c) Equivalent representation of Mach-Zehnder and
Ramsey interferometer operations as rotations of the collec-
tive spin on the generalized Bloch sphere. The initial state
here, |ai⌦N , is pointing toward the north pole. The full se-
quence is equivalent to the rotation of an angle ✓ around the
y axis.

Fig. 3. The interferometer operations are collective, act-
ing on all particles in an identical way. The idealized for-
mal description of these interferometer models is math-
ematically equivalent (Lee et al., 2002; Wineland et al.,
1994): as discussed in Sec. II.A, it corresponds to the
rotation of a collective spin.

A. Collective spin systems

a. Single spin. By identifying mode |ai with spin-up and
mode |bi with spin-down, a (two-mode) atom can be de-
scribed as an e↵ective spin-1/2 particle: a qubit (Nielsen
and Chuang, 2000; Peres, 1995). Any pure state of a sin-
gle qubit can be written as |#,'i = cos #

2 |ai+ei' sin #

2 |bi,
with 0  #  ⇡ and 0  ' < 2⇡ the polar and azimuthal
angle, respectively, in the Bloch sphere. Pure states sat-
isfy h�̂i = s, where �̂ = {�̂x, �̂y, �̂z} is the Pauli vec-
tor and s = {sin# cos', sin# sin', cos#} is the mean
spin direction. Mixed qubit states can be expressed as
⇢̂ = ( + rs · �̂)/2, and have an additional degree of free-
dom given by the length of the spin vector 0  r  1,
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⇡
2 = e�iĴy✓



THE PHASE ESTIMATION PROBLEM 
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Barankin bounds for phase estimation 

E.	W.	Barankin,	Ann.	Math.	Stat.	20,	477	(1949).	

Median-unbiased parameter estimation:

generalized Fisher information

trace speed

SENSITIVITY BOUNDS DEPEND ON STATISTICAL SPEEDS 
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Given a state    of N qbits 
a generator of a unitary local transformation  
and a measurement observable      

If                                      is particle entangled (sufficient)  

 the interferometer                                         
 with the observable  
provides sub shot-noise sensitivity (necessary & sufficient)  

    from shot noise to Heisenberg limit  !

Quantum Interferometry: central message



BAYESIAN PHASE ESTIMATION 



WHAT IS PROBABILITY ? 
Classical interpretation (Laplace, Pascal,…):
Lists all favorable outcomes n out of N possible outcomes (typical example: dice). 
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n

N
Problems: i) circular definition?  ii) Not practical or even possible in many important 
cases (for instance when the sample of the possible results does not exist)  



WHAT IS PROBABILITY ? 
Frequentist interpretation. Objective definition (Fisher,…):

Probability exists outside the human mind and can indeed be measured.
Based on law of large numbers: frequencies fluctuations decrease with 
the number of trials.  
(standard interpretation in QM).   
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WHAT IS PROBABILITY ? 
Bayesian interpretation. Subjective definition (Bayes, de Finetti,…):

Probability exists only in the human mind. 

Example: 
A vessel contains N balls, that can be either white or black. Without looking inside the 
vessel, you pick up a ball and get it white.

Question:  i) What is the probability that if you try again you get another white ball? 
                 ii) What is the probability that the vessel contains n white balls? 



Answers:  -) Classical probability: I don’t know because you don’t give me the sample.
                 -) Frequentist: the question does not make sense, I can answer only after
                    picking up several balls.

Bayesian: how much money you would bet that the second ball is 
                 white rather than black?  

This reasoning is typical in real life (insurance, horse races,…)
As humans, we have an intuitive understanding of probability that is Bayesian. 

Probability is a subjective degree of belief based on available data 
and “rational” opinions.   
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The posterior probability:
Provides a “degree of belief” 
about the true value of the 
phase shift given the measured 
data. 

Likelihood function

The prior function 
express the prior  
state of  knowledge 
or belief about the 
true value of the 
phase shift  

The marginal 
probability s fixed 
by the 
normalization 
condition 
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Parameter estimation (theory an experiments)  has been developed by following 
two different paths: Frequentist and Bayesian.

The two approaches are builds on two different conceptual meanings attached to 
the word “probability”. 

The respective results provide conceptually different information on the estimated 
parameters and uncertainties. 

Overlooking these differences is not only conceptually incorrect but can create 
some paradoxes as the existence of ultimate bounds in one approach that can be 
violated in the other approach. 





Experiment: i) collect measurements (number of particles at the output ports) and 
                     ii) associate the Bayesian phase distribution to each detection
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If there is no uncertainty,  
it cannot be true. 
R. Feynman 



Classification of Multipartite Entanglement: 
Young Diagrams and Dyson rank  



For instance, N=7 particles can be correlated as: 

There is an exponentially increasing number 
of partitions in a multipartite entangled state. 
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that Dyson’s rank acts as a resource for quantum metrology. Common quantifiers, such as the entanglement
depth and k-separability are contained in this approach as the diagram’s width and height. Our methods are
experimentally accessible in a wide range of atomic systems, as we illustrate by analyzing published data
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An efficient classification of entanglement in multipartite
systems is crucial for our understanding of quantum many-
body systems and the development of quantum information
science [1–4]. A particular challenge is the development of
experimentally implementable criteria for the detection of
multipartite entanglement [5,6]. The development of quan-
tum technologies further demands a precise understanding
of the set of multipartite entangled states that enable a
quantum advantage in specific applications of quantum
information [7,8]. In this context, metrological entangle-
ment criteria are powerful tools that establish a quantitative
link between the number of detected entangled parties and
the quantum gain in interferometric measurements [8–12].
As a consequence of the exponentially increasing num-

ber of partitions in multipartite systems, there is no unique
way to quantify multipartite entanglement. Common
approaches to capture the extent of multipartite correlations
focus on simple integer indicators [5]: An entanglement
depth of w describes that at least w parties must be
entangled, while h-inseparability expresses that the system
cannot be split into h separable subsystems. Larger values
of w and smaller values of h generally indicate more
multipartite entanglement, and experimentally observable
bounds on both can be obtained with different methods
[5,6], including from the metrological sensitivity in terms
of the quantum Fisher information [11].
A systematic approach based on the partitions of a

multipartite system reveals a duality between w and h [13].
Let us illustrate this with the example of a 7-partite system that
allows for a separable description in the partition
! ! 1j2345j67, see Fig. 1. The system is separable into h !
3 subsets and it contains entanglement among up to w ! 4
parties, i.e., it has an entanglement depth of w ! 4. By using
the correspondence between partitions of a system (up to

permutations of the particle labels) and Young diagrams, we
can represent this partition as !! , where each box
represents one party and each row represents an entangled
subset of decreasing size from top to bottom. We can easily
convince ourselves that w and h correspond to the width and
height of the Young diagram, respectively.
Focusing exclusively on one of these two quantities

provides only limited information about the allowed
structure of separable partitions. The entanglement depth
w refers to the size of the largest subset but ignores the size
and number of the remaining subsets. For instance, w ! 4
does not distinguish between the partition ! and, e.g.,
!0! , even though the latter clearly contains more
entanglement. Separability, in contrast, is insensitive to the
size of the entangled subsets and h ! 3 is also compatible
with, e.g., !00! . As an alternative integer quantifier, the
rank of a partition, defined by Dyson [14] as r ! w " h,
combines the information about w and h, and was recently
suggested to express the “strechability” of correlations
[13]. In our example, it successfully distinguishes these

FIG. 1. Representation of multipartite entanglement using
Young diagrams. In this example, a system of N ! 7 particles
is separable in a partition into h ! 3 subsets and contains an
entanglement depth of w ! 4 particles. These quantities corre-
spond to height h and width w of the associated Young diagram.
Dyson’s rank r ! w " h combines both pieces of information.
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systems is crucial for our understanding of quantum many-
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science [1–4]. A particular challenge is the development of
experimentally implementable criteria for the detection of
multipartite entanglement [5,6]. The development of quan-
tum technologies further demands a precise understanding
of the set of multipartite entangled states that enable a
quantum advantage in specific applications of quantum
information [7,8]. In this context, metrological entangle-
ment criteria are powerful tools that establish a quantitative
link between the number of detected entangled parties and
the quantum gain in interferometric measurements [8–12].
As a consequence of the exponentially increasing num-

ber of partitions in multipartite systems, there is no unique
way to quantify multipartite entanglement. Common
approaches to capture the extent of multipartite correlations
focus on simple integer indicators [5]: An entanglement
depth of w describes that at least w parties must be
entangled, while h-inseparability expresses that the system
cannot be split into h separable subsystems. Larger values
of w and smaller values of h generally indicate more
multipartite entanglement, and experimentally observable
bounds on both can be obtained with different methods
[5,6], including from the metrological sensitivity in terms
of the quantum Fisher information [11].
A systematic approach based on the partitions of a

multipartite system reveals a duality between w and h [13].
Let us illustrate this with the example of a 7-partite system that
allows for a separable description in the partition
! ! 1j2345j67, see Fig. 1. The system is separable into h !
3 subsets and it contains entanglement among up to w ! 4
parties, i.e., it has an entanglement depth of w ! 4. By using
the correspondence between partitions of a system (up to

permutations of the particle labels) and Young diagrams, we
can represent this partition as !! , where each box
represents one party and each row represents an entangled
subset of decreasing size from top to bottom. We can easily
convince ourselves that w and h correspond to the width and
height of the Young diagram, respectively.
Focusing exclusively on one of these two quantities

provides only limited information about the allowed
structure of separable partitions. The entanglement depth
w refers to the size of the largest subset but ignores the size
and number of the remaining subsets. For instance, w ! 4
does not distinguish between the partition ! and, e.g.,
!0! , even though the latter clearly contains more
entanglement. Separability, in contrast, is insensitive to the
size of the entangled subsets and h ! 3 is also compatible
with, e.g., !00! . As an alternative integer quantifier, the
rank of a partition, defined by Dyson [14] as r ! w " h,
combines the information about w and h, and was recently
suggested to express the “strechability” of correlations
[13]. In our example, it successfully distinguishes these

FIG. 1. Representation of multipartite entanglement using
Young diagrams. In this example, a system of N ! 7 particles
is separable in a partition into h ! 3 subsets and contains an
entanglement depth of w ! 4 particles. These quantities corre-
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quantum advantage in specific applications of quantum
information [7,8]. In this context, metrological entangle-
ment criteria are powerful tools that establish a quantitative
link between the number of detected entangled parties and
the quantum gain in interferometric measurements [8–12].
As a consequence of the exponentially increasing num-

ber of partitions in multipartite systems, there is no unique
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approaches to capture the extent of multipartite correlations
focus on simple integer indicators [5]: An entanglement
depth of w describes that at least w parties must be
entangled, while h-inseparability expresses that the system
cannot be split into h separable subsystems. Larger values
of w and smaller values of h generally indicate more
multipartite entanglement, and experimentally observable
bounds on both can be obtained with different methods
[5,6], including from the metrological sensitivity in terms
of the quantum Fisher information [11].
A systematic approach based on the partitions of a

multipartite system reveals a duality between w and h [13].
Let us illustrate this with the example of a 7-partite system that
allows for a separable description in the partition
! ! 1j2345j67, see Fig. 1. The system is separable into h !
3 subsets and it contains entanglement among up to w ! 4
parties, i.e., it has an entanglement depth of w ! 4. By using
the correspondence between partitions of a system (up to

permutations of the particle labels) and Young diagrams, we
can represent this partition as !! , where each box
represents one party and each row represents an entangled
subset of decreasing size from top to bottom. We can easily
convince ourselves that w and h correspond to the width and
height of the Young diagram, respectively.
Focusing exclusively on one of these two quantities

provides only limited information about the allowed
structure of separable partitions. The entanglement depth
w refers to the size of the largest subset but ignores the size
and number of the remaining subsets. For instance, w ! 4
does not distinguish between the partition ! and, e.g.,
!0! , even though the latter clearly contains more
entanglement. Separability, in contrast, is insensitive to the
size of the entangled subsets and h ! 3 is also compatible
with, e.g., !00! . As an alternative integer quantifier, the
rank of a partition, defined by Dyson [14] as r ! w " h,
combines the information about w and h, and was recently
suggested to express the “strechability” of correlations
[13]. In our example, it successfully distinguishes these

FIG. 1. Representation of multipartite entanglement using
Young diagrams. In this example, a system of N ! 7 particles
is separable in a partition into h ! 3 subsets and contains an
entanglement depth of w ! 4 particles. These quantities corre-
spond to height h and width w of the associated Young diagram.
Dyson’s rank r ! w " h combines both pieces of information.
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An efficient classification of entanglement in multipartite
systems is crucial for our understanding of quantum many-
body systems and the development of quantum information
science [1–4]. A particular challenge is the development of
experimentally implementable criteria for the detection of
multipartite entanglement [5,6]. The development of quan-
tum technologies further demands a precise understanding
of the set of multipartite entangled states that enable a
quantum advantage in specific applications of quantum
information [7,8]. In this context, metrological entangle-
ment criteria are powerful tools that establish a quantitative
link between the number of detected entangled parties and
the quantum gain in interferometric measurements [8–12].
As a consequence of the exponentially increasing num-

ber of partitions in multipartite systems, there is no unique
way to quantify multipartite entanglement. Common
approaches to capture the extent of multipartite correlations
focus on simple integer indicators [5]: An entanglement
depth of w describes that at least w parties must be
entangled, while h-inseparability expresses that the system
cannot be split into h separable subsystems. Larger values
of w and smaller values of h generally indicate more
multipartite entanglement, and experimentally observable
bounds on both can be obtained with different methods
[5,6], including from the metrological sensitivity in terms
of the quantum Fisher information [11].
A systematic approach based on the partitions of a

multipartite system reveals a duality between w and h [13].
Let us illustrate this with the example of a 7-partite system that
allows for a separable description in the partition
! ! 1j2345j67, see Fig. 1. The system is separable into h !
3 subsets and it contains entanglement among up to w ! 4
parties, i.e., it has an entanglement depth of w ! 4. By using
the correspondence between partitions of a system (up to

permutations of the particle labels) and Young diagrams, we
can represent this partition as !! , where each box
represents one party and each row represents an entangled
subset of decreasing size from top to bottom. We can easily
convince ourselves that w and h correspond to the width and
height of the Young diagram, respectively.
Focusing exclusively on one of these two quantities

provides only limited information about the allowed
structure of separable partitions. The entanglement depth
w refers to the size of the largest subset but ignores the size
and number of the remaining subsets. For instance, w ! 4
does not distinguish between the partition ! and, e.g.,
!0! , even though the latter clearly contains more
entanglement. Separability, in contrast, is insensitive to the
size of the entangled subsets and h ! 3 is also compatible
with, e.g., !00! . As an alternative integer quantifier, the
rank of a partition, defined by Dyson [14] as r ! w " h,
combines the information about w and h, and was recently
suggested to express the “strechability” of correlations
[13]. In our example, it successfully distinguishes these

FIG. 1. Representation of multipartite entanglement using
Young diagrams. In this example, a system of N ! 7 particles
is separable in a partition into h ! 3 subsets and contains an
entanglement depth of w ! 4 particles. These quantities corre-
spond to height h and width w of the associated Young diagram.
Dyson’s rank r ! w " h combines both pieces of information.
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An efficient classification of entanglement in multipartite
systems is crucial for our understanding of quantum many-
body systems and the development of quantum information
science [1–4]. A particular challenge is the development of
experimentally implementable criteria for the detection of
multipartite entanglement [5,6]. The development of quan-
tum technologies further demands a precise understanding
of the set of multipartite entangled states that enable a
quantum advantage in specific applications of quantum
information [7,8]. In this context, metrological entangle-
ment criteria are powerful tools that establish a quantitative
link between the number of detected entangled parties and
the quantum gain in interferometric measurements [8–12].
As a consequence of the exponentially increasing num-

ber of partitions in multipartite systems, there is no unique
way to quantify multipartite entanglement. Common
approaches to capture the extent of multipartite correlations
focus on simple integer indicators [5]: An entanglement
depth of w describes that at least w parties must be
entangled, while h-inseparability expresses that the system
cannot be split into h separable subsystems. Larger values
of w and smaller values of h generally indicate more
multipartite entanglement, and experimentally observable
bounds on both can be obtained with different methods
[5,6], including from the metrological sensitivity in terms
of the quantum Fisher information [11].
A systematic approach based on the partitions of a

multipartite system reveals a duality between w and h [13].
Let us illustrate this with the example of a 7-partite system that
allows for a separable description in the partition
! ! 1j2345j67, see Fig. 1. The system is separable into h !
3 subsets and it contains entanglement among up to w ! 4
parties, i.e., it has an entanglement depth of w ! 4. By using
the correspondence between partitions of a system (up to

permutations of the particle labels) and Young diagrams, we
can represent this partition as !! , where each box
represents one party and each row represents an entangled
subset of decreasing size from top to bottom. We can easily
convince ourselves that w and h correspond to the width and
height of the Young diagram, respectively.
Focusing exclusively on one of these two quantities

provides only limited information about the allowed
structure of separable partitions. The entanglement depth
w refers to the size of the largest subset but ignores the size
and number of the remaining subsets. For instance, w ! 4
does not distinguish between the partition ! and, e.g.,
!0! , even though the latter clearly contains more
entanglement. Separability, in contrast, is insensitive to the
size of the entangled subsets and h ! 3 is also compatible
with, e.g., !00! . As an alternative integer quantifier, the
rank of a partition, defined by Dyson [14] as r ! w " h,
combines the information about w and h, and was recently
suggested to express the “strechability” of correlations
[13]. In our example, it successfully distinguishes these

FIG. 1. Representation of multipartite entanglement using
Young diagrams. In this example, a system of N ! 7 particles
is separable in a partition into h ! 3 subsets and contains an
entanglement depth of w ! 4 particles. These quantities corre-
spond to height h and width w of the associated Young diagram.
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systems is crucial for our understanding of quantum many-
body systems and the development of quantum information
science [1–4]. A particular challenge is the development of
experimentally implementable criteria for the detection of
multipartite entanglement [5,6]. The development of quan-
tum technologies further demands a precise understanding
of the set of multipartite entangled states that enable a
quantum advantage in specific applications of quantum
information [7,8]. In this context, metrological entangle-
ment criteria are powerful tools that establish a quantitative
link between the number of detected entangled parties and
the quantum gain in interferometric measurements [8–12].
As a consequence of the exponentially increasing num-

ber of partitions in multipartite systems, there is no unique
way to quantify multipartite entanglement. Common
approaches to capture the extent of multipartite correlations
focus on simple integer indicators [5]: An entanglement
depth of w describes that at least w parties must be
entangled, while h-inseparability expresses that the system
cannot be split into h separable subsystems. Larger values
of w and smaller values of h generally indicate more
multipartite entanglement, and experimentally observable
bounds on both can be obtained with different methods
[5,6], including from the metrological sensitivity in terms
of the quantum Fisher information [11].
A systematic approach based on the partitions of a

multipartite system reveals a duality between w and h [13].
Let us illustrate this with the example of a 7-partite system that
allows for a separable description in the partition
! ! 1j2345j67, see Fig. 1. The system is separable into h !
3 subsets and it contains entanglement among up to w ! 4
parties, i.e., it has an entanglement depth of w ! 4. By using
the correspondence between partitions of a system (up to

permutations of the particle labels) and Young diagrams, we
can represent this partition as !! , where each box
represents one party and each row represents an entangled
subset of decreasing size from top to bottom. We can easily
convince ourselves that w and h correspond to the width and
height of the Young diagram, respectively.
Focusing exclusively on one of these two quantities

provides only limited information about the allowed
structure of separable partitions. The entanglement depth
w refers to the size of the largest subset but ignores the size
and number of the remaining subsets. For instance, w ! 4
does not distinguish between the partition ! and, e.g.,
!0! , even though the latter clearly contains more
entanglement. Separability, in contrast, is insensitive to the
size of the entangled subsets and h ! 3 is also compatible
with, e.g., !00! . As an alternative integer quantifier, the
rank of a partition, defined by Dyson [14] as r ! w " h,
combines the information about w and h, and was recently
suggested to express the “strechability” of correlations
[13]. In our example, it successfully distinguishes these

FIG. 1. Representation of multipartite entanglement using
Young diagrams. In this example, a system of N ! 7 particles
is separable in a partition into h ! 3 subsets and contains an
entanglement depth of w ! 4 particles. These quantities corre-
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information [7,8]. In this context, metrological entangle-
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depth of w describes that at least w parties must be
entangled, while h-inseparability expresses that the system
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of w and smaller values of h generally indicate more
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bounds on both can be obtained with different methods
[5,6], including from the metrological sensitivity in terms
of the quantum Fisher information [11].
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multipartite system reveals a duality between w and h [13].
Let us illustrate this with the example of a 7-partite system that
allows for a separable description in the partition
! ! 1j2345j67, see Fig. 1. The system is separable into h !
3 subsets and it contains entanglement among up to w ! 4
parties, i.e., it has an entanglement depth of w ! 4. By using
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can represent this partition as !! , where each box
represents one party and each row represents an entangled
subset of decreasing size from top to bottom. We can easily
convince ourselves that w and h correspond to the width and
height of the Young diagram, respectively.
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w refers to the size of the largest subset but ignores the size
and number of the remaining subsets. For instance, w ! 4
does not distinguish between the partition ! and, e.g.,
!0! , even though the latter clearly contains more
entanglement. Separability, in contrast, is insensitive to the
size of the entangled subsets and h ! 3 is also compatible
with, e.g., !00! . As an alternative integer quantifier, the
rank of a partition, defined by Dyson [14] as r ! w " h,
combines the information about w and h, and was recently
suggested to express the “strechability” of correlations
[13]. In our example, it successfully distinguishes these

FIG. 1. Representation of multipartite entanglement using
Young diagrams. In this example, a system of N ! 7 particles
is separable in a partition into h ! 3 subsets and contains an
entanglement depth of w ! 4 particles. These quantities corre-
spond to height h and width w of the associated Young diagram.
Dyson’s rank r ! w " h combines both pieces of information.
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An efficient classification of entanglement in multipartite
systems is crucial for our understanding of quantum many-
body systems and the development of quantum information
science [1–4]. A particular challenge is the development of
experimentally implementable criteria for the detection of
multipartite entanglement [5,6]. The development of quan-
tum technologies further demands a precise understanding
of the set of multipartite entangled states that enable a
quantum advantage in specific applications of quantum
information [7,8]. In this context, metrological entangle-
ment criteria are powerful tools that establish a quantitative
link between the number of detected entangled parties and
the quantum gain in interferometric measurements [8–12].
As a consequence of the exponentially increasing num-

ber of partitions in multipartite systems, there is no unique
way to quantify multipartite entanglement. Common
approaches to capture the extent of multipartite correlations
focus on simple integer indicators [5]: An entanglement
depth of w describes that at least w parties must be
entangled, while h-inseparability expresses that the system
cannot be split into h separable subsystems. Larger values
of w and smaller values of h generally indicate more
multipartite entanglement, and experimentally observable
bounds on both can be obtained with different methods
[5,6], including from the metrological sensitivity in terms
of the quantum Fisher information [11].
A systematic approach based on the partitions of a

multipartite system reveals a duality between w and h [13].
Let us illustrate this with the example of a 7-partite system that
allows for a separable description in the partition
! ! 1j2345j67, see Fig. 1. The system is separable into h !
3 subsets and it contains entanglement among up to w ! 4
parties, i.e., it has an entanglement depth of w ! 4. By using
the correspondence between partitions of a system (up to

permutations of the particle labels) and Young diagrams, we
can represent this partition as !! , where each box
represents one party and each row represents an entangled
subset of decreasing size from top to bottom. We can easily
convince ourselves that w and h correspond to the width and
height of the Young diagram, respectively.
Focusing exclusively on one of these two quantities

provides only limited information about the allowed
structure of separable partitions. The entanglement depth
w refers to the size of the largest subset but ignores the size
and number of the remaining subsets. For instance, w ! 4
does not distinguish between the partition ! and, e.g.,
!0! , even though the latter clearly contains more
entanglement. Separability, in contrast, is insensitive to the
size of the entangled subsets and h ! 3 is also compatible
with, e.g., !00! . As an alternative integer quantifier, the
rank of a partition, defined by Dyson [14] as r ! w " h,
combines the information about w and h, and was recently
suggested to express the “strechability” of correlations
[13]. In our example, it successfully distinguishes these
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systems is crucial for our understanding of quantum many-
body systems and the development of quantum information
science [1–4]. A particular challenge is the development of
experimentally implementable criteria for the detection of
multipartite entanglement [5,6]. The development of quan-
tum technologies further demands a precise understanding
of the set of multipartite entangled states that enable a
quantum advantage in specific applications of quantum
information [7,8]. In this context, metrological entangle-
ment criteria are powerful tools that establish a quantitative
link between the number of detected entangled parties and
the quantum gain in interferometric measurements [8–12].
As a consequence of the exponentially increasing num-

ber of partitions in multipartite systems, there is no unique
way to quantify multipartite entanglement. Common
approaches to capture the extent of multipartite correlations
focus on simple integer indicators [5]: An entanglement
depth of w describes that at least w parties must be
entangled, while h-inseparability expresses that the system
cannot be split into h separable subsystems. Larger values
of w and smaller values of h generally indicate more
multipartite entanglement, and experimentally observable
bounds on both can be obtained with different methods
[5,6], including from the metrological sensitivity in terms
of the quantum Fisher information [11].
A systematic approach based on the partitions of a

multipartite system reveals a duality between w and h [13].
Let us illustrate this with the example of a 7-partite system that
allows for a separable description in the partition
! ! 1j2345j67, see Fig. 1. The system is separable into h !
3 subsets and it contains entanglement among up to w ! 4
parties, i.e., it has an entanglement depth of w ! 4. By using
the correspondence between partitions of a system (up to

permutations of the particle labels) and Young diagrams, we
can represent this partition as !! , where each box
represents one party and each row represents an entangled
subset of decreasing size from top to bottom. We can easily
convince ourselves that w and h correspond to the width and
height of the Young diagram, respectively.
Focusing exclusively on one of these two quantities

provides only limited information about the allowed
structure of separable partitions. The entanglement depth
w refers to the size of the largest subset but ignores the size
and number of the remaining subsets. For instance, w ! 4
does not distinguish between the partition ! and, e.g.,
!0! , even though the latter clearly contains more
entanglement. Separability, in contrast, is insensitive to the
size of the entangled subsets and h ! 3 is also compatible
with, e.g., !00! . As an alternative integer quantifier, the
rank of a partition, defined by Dyson [14] as r ! w " h,
combines the information about w and h, and was recently
suggested to express the “strechability” of correlations
[13]. In our example, it successfully distinguishes these

FIG. 1. Representation of multipartite entanglement using
Young diagrams. In this example, a system of N ! 7 particles
is separable in a partition into h ! 3 subsets and contains an
entanglement depth of w ! 4 particles. These quantities corre-
spond to height h and width w of the associated Young diagram.
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An efficient classification of entanglement in multipartite
systems is crucial for our understanding of quantum many-
body systems and the development of quantum information
science [1–4]. A particular challenge is the development of
experimentally implementable criteria for the detection of
multipartite entanglement [5,6]. The development of quan-
tum technologies further demands a precise understanding
of the set of multipartite entangled states that enable a
quantum advantage in specific applications of quantum
information [7,8]. In this context, metrological entangle-
ment criteria are powerful tools that establish a quantitative
link between the number of detected entangled parties and
the quantum gain in interferometric measurements [8–12].
As a consequence of the exponentially increasing num-

ber of partitions in multipartite systems, there is no unique
way to quantify multipartite entanglement. Common
approaches to capture the extent of multipartite correlations
focus on simple integer indicators [5]: An entanglement
depth of w describes that at least w parties must be
entangled, while h-inseparability expresses that the system
cannot be split into h separable subsystems. Larger values
of w and smaller values of h generally indicate more
multipartite entanglement, and experimentally observable
bounds on both can be obtained with different methods
[5,6], including from the metrological sensitivity in terms
of the quantum Fisher information [11].
A systematic approach based on the partitions of a

multipartite system reveals a duality between w and h [13].
Let us illustrate this with the example of a 7-partite system that
allows for a separable description in the partition
! ! 1j2345j67, see Fig. 1. The system is separable into h !
3 subsets and it contains entanglement among up to w ! 4
parties, i.e., it has an entanglement depth of w ! 4. By using
the correspondence between partitions of a system (up to

permutations of the particle labels) and Young diagrams, we
can represent this partition as !! , where each box
represents one party and each row represents an entangled
subset of decreasing size from top to bottom. We can easily
convince ourselves that w and h correspond to the width and
height of the Young diagram, respectively.
Focusing exclusively on one of these two quantities

provides only limited information about the allowed
structure of separable partitions. The entanglement depth
w refers to the size of the largest subset but ignores the size
and number of the remaining subsets. For instance, w ! 4
does not distinguish between the partition ! and, e.g.,
!0! , even though the latter clearly contains more
entanglement. Separability, in contrast, is insensitive to the
size of the entangled subsets and h ! 3 is also compatible
with, e.g., !00! . As an alternative integer quantifier, the
rank of a partition, defined by Dyson [14] as r ! w " h,
combines the information about w and h, and was recently
suggested to express the “strechability” of correlations
[13]. In our example, it successfully distinguishes these

FIG. 1. Representation of multipartite entanglement using
Young diagrams. In this example, a system of N ! 7 particles
is separable in a partition into h ! 3 subsets and contains an
entanglement depth of w ! 4 particles. These quantities corre-
spond to height h and width w of the associated Young diagram.
Dyson’s rank r ! w " h combines both pieces of information.
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An efficient classification of entanglement in multipartite
systems is crucial for our understanding of quantum many-
body systems and the development of quantum information
science [1–4]. A particular challenge is the development of
experimentally implementable criteria for the detection of
multipartite entanglement [5,6]. The development of quan-
tum technologies further demands a precise understanding
of the set of multipartite entangled states that enable a
quantum advantage in specific applications of quantum
information [7,8]. In this context, metrological entangle-
ment criteria are powerful tools that establish a quantitative
link between the number of detected entangled parties and
the quantum gain in interferometric measurements [8–12].
As a consequence of the exponentially increasing num-

ber of partitions in multipartite systems, there is no unique
way to quantify multipartite entanglement. Common
approaches to capture the extent of multipartite correlations
focus on simple integer indicators [5]: An entanglement
depth of w describes that at least w parties must be
entangled, while h-inseparability expresses that the system
cannot be split into h separable subsystems. Larger values
of w and smaller values of h generally indicate more
multipartite entanglement, and experimentally observable
bounds on both can be obtained with different methods
[5,6], including from the metrological sensitivity in terms
of the quantum Fisher information [11].
A systematic approach based on the partitions of a

multipartite system reveals a duality between w and h [13].
Let us illustrate this with the example of a 7-partite system that
allows for a separable description in the partition
! ! 1j2345j67, see Fig. 1. The system is separable into h !
3 subsets and it contains entanglement among up to w ! 4
parties, i.e., it has an entanglement depth of w ! 4. By using
the correspondence between partitions of a system (up to

permutations of the particle labels) and Young diagrams, we
can represent this partition as !! , where each box
represents one party and each row represents an entangled
subset of decreasing size from top to bottom. We can easily
convince ourselves that w and h correspond to the width and
height of the Young diagram, respectively.
Focusing exclusively on one of these two quantities

provides only limited information about the allowed
structure of separable partitions. The entanglement depth
w refers to the size of the largest subset but ignores the size
and number of the remaining subsets. For instance, w ! 4
does not distinguish between the partition ! and, e.g.,
!0! , even though the latter clearly contains more
entanglement. Separability, in contrast, is insensitive to the
size of the entangled subsets and h ! 3 is also compatible
with, e.g., !00! . As an alternative integer quantifier, the
rank of a partition, defined by Dyson [14] as r ! w " h,
combines the information about w and h, and was recently
suggested to express the “strechability” of correlations
[13]. In our example, it successfully distinguishes these

FIG. 1. Representation of multipartite entanglement using
Young diagrams. In this example, a system of N ! 7 particles
is separable in a partition into h ! 3 subsets and contains an
entanglement depth of w ! 4 particles. These quantities corre-
spond to height h and width w of the associated Young diagram.
Dyson’s rank r ! w " h combines both pieces of information.
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An efficient classification of entanglement in multipartite
systems is crucial for our understanding of quantum many-
body systems and the development of quantum information
science [1–4]. A particular challenge is the development of
experimentally implementable criteria for the detection of
multipartite entanglement [5,6]. The development of quan-
tum technologies further demands a precise understanding
of the set of multipartite entangled states that enable a
quantum advantage in specific applications of quantum
information [7,8]. In this context, metrological entangle-
ment criteria are powerful tools that establish a quantitative
link between the number of detected entangled parties and
the quantum gain in interferometric measurements [8–12].
As a consequence of the exponentially increasing num-

ber of partitions in multipartite systems, there is no unique
way to quantify multipartite entanglement. Common
approaches to capture the extent of multipartite correlations
focus on simple integer indicators [5]: An entanglement
depth of w describes that at least w parties must be
entangled, while h-inseparability expresses that the system
cannot be split into h separable subsystems. Larger values
of w and smaller values of h generally indicate more
multipartite entanglement, and experimentally observable
bounds on both can be obtained with different methods
[5,6], including from the metrological sensitivity in terms
of the quantum Fisher information [11].
A systematic approach based on the partitions of a

multipartite system reveals a duality between w and h [13].
Let us illustrate this with the example of a 7-partite system that
allows for a separable description in the partition
! ! 1j2345j67, see Fig. 1. The system is separable into h !
3 subsets and it contains entanglement among up to w ! 4
parties, i.e., it has an entanglement depth of w ! 4. By using
the correspondence between partitions of a system (up to

permutations of the particle labels) and Young diagrams, we
can represent this partition as !! , where each box
represents one party and each row represents an entangled
subset of decreasing size from top to bottom. We can easily
convince ourselves that w and h correspond to the width and
height of the Young diagram, respectively.
Focusing exclusively on one of these two quantities

provides only limited information about the allowed
structure of separable partitions. The entanglement depth
w refers to the size of the largest subset but ignores the size
and number of the remaining subsets. For instance, w ! 4
does not distinguish between the partition ! and, e.g.,
!0! , even though the latter clearly contains more
entanglement. Separability, in contrast, is insensitive to the
size of the entangled subsets and h ! 3 is also compatible
with, e.g., !00! . As an alternative integer quantifier, the
rank of a partition, defined by Dyson [14] as r ! w " h,
combines the information about w and h, and was recently
suggested to express the “strechability” of correlations
[13]. In our example, it successfully distinguishes these

FIG. 1. Representation of multipartite entanglement using
Young diagrams. In this example, a system of N ! 7 particles
is separable in a partition into h ! 3 subsets and contains an
entanglement depth of w ! 4 particles. These quantities corre-
spond to height h and width w of the associated Young diagram.
Dyson’s rank r ! w " h combines both pieces of information.
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An efficient classification of entanglement in multipartite
systems is crucial for our understanding of quantum many-
body systems and the development of quantum information
science [1–4]. A particular challenge is the development of
experimentally implementable criteria for the detection of
multipartite entanglement [5,6]. The development of quan-
tum technologies further demands a precise understanding
of the set of multipartite entangled states that enable a
quantum advantage in specific applications of quantum
information [7,8]. In this context, metrological entangle-
ment criteria are powerful tools that establish a quantitative
link between the number of detected entangled parties and
the quantum gain in interferometric measurements [8–12].
As a consequence of the exponentially increasing num-

ber of partitions in multipartite systems, there is no unique
way to quantify multipartite entanglement. Common
approaches to capture the extent of multipartite correlations
focus on simple integer indicators [5]: An entanglement
depth of w describes that at least w parties must be
entangled, while h-inseparability expresses that the system
cannot be split into h separable subsystems. Larger values
of w and smaller values of h generally indicate more
multipartite entanglement, and experimentally observable
bounds on both can be obtained with different methods
[5,6], including from the metrological sensitivity in terms
of the quantum Fisher information [11].
A systematic approach based on the partitions of a

multipartite system reveals a duality between w and h [13].
Let us illustrate this with the example of a 7-partite system that
allows for a separable description in the partition
! ! 1j2345j67, see Fig. 1. The system is separable into h !
3 subsets and it contains entanglement among up to w ! 4
parties, i.e., it has an entanglement depth of w ! 4. By using
the correspondence between partitions of a system (up to

permutations of the particle labels) and Young diagrams, we
can represent this partition as !! , where each box
represents one party and each row represents an entangled
subset of decreasing size from top to bottom. We can easily
convince ourselves that w and h correspond to the width and
height of the Young diagram, respectively.
Focusing exclusively on one of these two quantities

provides only limited information about the allowed
structure of separable partitions. The entanglement depth
w refers to the size of the largest subset but ignores the size
and number of the remaining subsets. For instance, w ! 4
does not distinguish between the partition ! and, e.g.,
!0! , even though the latter clearly contains more
entanglement. Separability, in contrast, is insensitive to the
size of the entangled subsets and h ! 3 is also compatible
with, e.g., !00! . As an alternative integer quantifier, the
rank of a partition, defined by Dyson [14] as r ! w " h,
combines the information about w and h, and was recently
suggested to express the “strechability” of correlations
[13]. In our example, it successfully distinguishes these

FIG. 1. Representation of multipartite entanglement using
Young diagrams. In this example, a system of N ! 7 particles
is separable in a partition into h ! 3 subsets and contains an
entanglement depth of w ! 4 particles. These quantities corre-
spond to height h and width w of the associated Young diagram.
Dyson’s rank r ! w " h combines both pieces of information.
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An efficient classification of entanglement in multipartite
systems is crucial for our understanding of quantum many-
body systems and the development of quantum information
science [1–4]. A particular challenge is the development of
experimentally implementable criteria for the detection of
multipartite entanglement [5,6]. The development of quan-
tum technologies further demands a precise understanding
of the set of multipartite entangled states that enable a
quantum advantage in specific applications of quantum
information [7,8]. In this context, metrological entangle-
ment criteria are powerful tools that establish a quantitative
link between the number of detected entangled parties and
the quantum gain in interferometric measurements [8–12].
As a consequence of the exponentially increasing num-

ber of partitions in multipartite systems, there is no unique
way to quantify multipartite entanglement. Common
approaches to capture the extent of multipartite correlations
focus on simple integer indicators [5]: An entanglement
depth of w describes that at least w parties must be
entangled, while h-inseparability expresses that the system
cannot be split into h separable subsystems. Larger values
of w and smaller values of h generally indicate more
multipartite entanglement, and experimentally observable
bounds on both can be obtained with different methods
[5,6], including from the metrological sensitivity in terms
of the quantum Fisher information [11].
A systematic approach based on the partitions of a

multipartite system reveals a duality between w and h [13].
Let us illustrate this with the example of a 7-partite system that
allows for a separable description in the partition
! ! 1j2345j67, see Fig. 1. The system is separable into h !
3 subsets and it contains entanglement among up to w ! 4
parties, i.e., it has an entanglement depth of w ! 4. By using
the correspondence between partitions of a system (up to

permutations of the particle labels) and Young diagrams, we
can represent this partition as !! , where each box
represents one party and each row represents an entangled
subset of decreasing size from top to bottom. We can easily
convince ourselves that w and h correspond to the width and
height of the Young diagram, respectively.
Focusing exclusively on one of these two quantities

provides only limited information about the allowed
structure of separable partitions. The entanglement depth
w refers to the size of the largest subset but ignores the size
and number of the remaining subsets. For instance, w ! 4
does not distinguish between the partition ! and, e.g.,
!0! , even though the latter clearly contains more
entanglement. Separability, in contrast, is insensitive to the
size of the entangled subsets and h ! 3 is also compatible
with, e.g., !00! . As an alternative integer quantifier, the
rank of a partition, defined by Dyson [14] as r ! w " h,
combines the information about w and h, and was recently
suggested to express the “strechability” of correlations
[13]. In our example, it successfully distinguishes these

FIG. 1. Representation of multipartite entanglement using
Young diagrams. In this example, a system of N ! 7 particles
is separable in a partition into h ! 3 subsets and contains an
entanglement depth of w ! 4 particles. These quantities corre-
spond to height h and width w of the associated Young diagram.
Dyson’s rank r ! w " h combines both pieces of information.
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systems is crucial for our understanding of quantum many-
body systems and the development of quantum information
science [1–4]. A particular challenge is the development of
experimentally implementable criteria for the detection of
multipartite entanglement [5,6]. The development of quan-
tum technologies further demands a precise understanding
of the set of multipartite entangled states that enable a
quantum advantage in specific applications of quantum
information [7,8]. In this context, metrological entangle-
ment criteria are powerful tools that establish a quantitative
link between the number of detected entangled parties and
the quantum gain in interferometric measurements [8–12].
As a consequence of the exponentially increasing num-

ber of partitions in multipartite systems, there is no unique
way to quantify multipartite entanglement. Common
approaches to capture the extent of multipartite correlations
focus on simple integer indicators [5]: An entanglement
depth of w describes that at least w parties must be
entangled, while h-inseparability expresses that the system
cannot be split into h separable subsystems. Larger values
of w and smaller values of h generally indicate more
multipartite entanglement, and experimentally observable
bounds on both can be obtained with different methods
[5,6], including from the metrological sensitivity in terms
of the quantum Fisher information [11].
A systematic approach based on the partitions of a

multipartite system reveals a duality between w and h [13].
Let us illustrate this with the example of a 7-partite system that
allows for a separable description in the partition
! ! 1j2345j67, see Fig. 1. The system is separable into h !
3 subsets and it contains entanglement among up to w ! 4
parties, i.e., it has an entanglement depth of w ! 4. By using
the correspondence between partitions of a system (up to

permutations of the particle labels) and Young diagrams, we
can represent this partition as !! , where each box
represents one party and each row represents an entangled
subset of decreasing size from top to bottom. We can easily
convince ourselves that w and h correspond to the width and
height of the Young diagram, respectively.
Focusing exclusively on one of these two quantities

provides only limited information about the allowed
structure of separable partitions. The entanglement depth
w refers to the size of the largest subset but ignores the size
and number of the remaining subsets. For instance, w ! 4
does not distinguish between the partition ! and, e.g.,
!0! , even though the latter clearly contains more
entanglement. Separability, in contrast, is insensitive to the
size of the entangled subsets and h ! 3 is also compatible
with, e.g., !00! . As an alternative integer quantifier, the
rank of a partition, defined by Dyson [14] as r ! w " h,
combines the information about w and h, and was recently
suggested to express the “strechability” of correlations
[13]. In our example, it successfully distinguishes these
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systems is crucial for our understanding of quantum many-
body systems and the development of quantum information
science [1–4]. A particular challenge is the development of
experimentally implementable criteria for the detection of
multipartite entanglement [5,6]. The development of quan-
tum technologies further demands a precise understanding
of the set of multipartite entangled states that enable a
quantum advantage in specific applications of quantum
information [7,8]. In this context, metrological entangle-
ment criteria are powerful tools that establish a quantitative
link between the number of detected entangled parties and
the quantum gain in interferometric measurements [8–12].
As a consequence of the exponentially increasing num-

ber of partitions in multipartite systems, there is no unique
way to quantify multipartite entanglement. Common
approaches to capture the extent of multipartite correlations
focus on simple integer indicators [5]: An entanglement
depth of w describes that at least w parties must be
entangled, while h-inseparability expresses that the system
cannot be split into h separable subsystems. Larger values
of w and smaller values of h generally indicate more
multipartite entanglement, and experimentally observable
bounds on both can be obtained with different methods
[5,6], including from the metrological sensitivity in terms
of the quantum Fisher information [11].
A systematic approach based on the partitions of a

multipartite system reveals a duality between w and h [13].
Let us illustrate this with the example of a 7-partite system that
allows for a separable description in the partition
! ! 1j2345j67, see Fig. 1. The system is separable into h !
3 subsets and it contains entanglement among up to w ! 4
parties, i.e., it has an entanglement depth of w ! 4. By using
the correspondence between partitions of a system (up to

permutations of the particle labels) and Young diagrams, we
can represent this partition as !! , where each box
represents one party and each row represents an entangled
subset of decreasing size from top to bottom. We can easily
convince ourselves that w and h correspond to the width and
height of the Young diagram, respectively.
Focusing exclusively on one of these two quantities

provides only limited information about the allowed
structure of separable partitions. The entanglement depth
w refers to the size of the largest subset but ignores the size
and number of the remaining subsets. For instance, w ! 4
does not distinguish between the partition ! and, e.g.,
!0! , even though the latter clearly contains more
entanglement. Separability, in contrast, is insensitive to the
size of the entangled subsets and h ! 3 is also compatible
with, e.g., !00! . As an alternative integer quantifier, the
rank of a partition, defined by Dyson [14] as r ! w " h,
combines the information about w and h, and was recently
suggested to express the “strechability” of correlations
[13]. In our example, it successfully distinguishes these

FIG. 1. Representation of multipartite entanglement using
Young diagrams. In this example, a system of N ! 7 particles
is separable in a partition into h ! 3 subsets and contains an
entanglement depth of w ! 4 particles. These quantities corre-
spond to height h and width w of the associated Young diagram.
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An efficient classification of entanglement in multipartite
systems is crucial for our understanding of quantum many-
body systems and the development of quantum information
science [1–4]. A particular challenge is the development of
experimentally implementable criteria for the detection of
multipartite entanglement [5,6]. The development of quan-
tum technologies further demands a precise understanding
of the set of multipartite entangled states that enable a
quantum advantage in specific applications of quantum
information [7,8]. In this context, metrological entangle-
ment criteria are powerful tools that establish a quantitative
link between the number of detected entangled parties and
the quantum gain in interferometric measurements [8–12].
As a consequence of the exponentially increasing num-

ber of partitions in multipartite systems, there is no unique
way to quantify multipartite entanglement. Common
approaches to capture the extent of multipartite correlations
focus on simple integer indicators [5]: An entanglement
depth of w describes that at least w parties must be
entangled, while h-inseparability expresses that the system
cannot be split into h separable subsystems. Larger values
of w and smaller values of h generally indicate more
multipartite entanglement, and experimentally observable
bounds on both can be obtained with different methods
[5,6], including from the metrological sensitivity in terms
of the quantum Fisher information [11].
A systematic approach based on the partitions of a

multipartite system reveals a duality between w and h [13].
Let us illustrate this with the example of a 7-partite system that
allows for a separable description in the partition
! ! 1j2345j67, see Fig. 1. The system is separable into h !
3 subsets and it contains entanglement among up to w ! 4
parties, i.e., it has an entanglement depth of w ! 4. By using
the correspondence between partitions of a system (up to

permutations of the particle labels) and Young diagrams, we
can represent this partition as !! , where each box
represents one party and each row represents an entangled
subset of decreasing size from top to bottom. We can easily
convince ourselves that w and h correspond to the width and
height of the Young diagram, respectively.
Focusing exclusively on one of these two quantities

provides only limited information about the allowed
structure of separable partitions. The entanglement depth
w refers to the size of the largest subset but ignores the size
and number of the remaining subsets. For instance, w ! 4
does not distinguish between the partition ! and, e.g.,
!0! , even though the latter clearly contains more
entanglement. Separability, in contrast, is insensitive to the
size of the entangled subsets and h ! 3 is also compatible
with, e.g., !00! . As an alternative integer quantifier, the
rank of a partition, defined by Dyson [14] as r ! w " h,
combines the information about w and h, and was recently
suggested to express the “strechability” of correlations
[13]. In our example, it successfully distinguishes these

FIG. 1. Representation of multipartite entanglement using
Young diagrams. In this example, a system of N ! 7 particles
is separable in a partition into h ! 3 subsets and contains an
entanglement depth of w ! 4 particles. These quantities corre-
spond to height h and width w of the associated Young diagram.
Dyson’s rank r ! w " h combines both pieces of information.

PHYSICAL REVIEW LETTERS 126, 080502 (2021)

0031-9007=21=126(8)=080502(6) 080502-1 © 2021 American Physical Society

 

Metrological Detection of Multipartite Entanglement from Young Diagrams

Zhihong Ren ,1,2 Weidong Li ,1,* Augusto Smerzi,1,3,† and Manuel Gessner 2,‡
1Institute of Theoretical Physics and Department of Physics, State Key Laboratory of Quantum Optics and Quantum Optics Devices,

Collaborative Innovation Center of Extreme Optics, Shanxi University, Taiyuan 030006, China
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An efficient classification of entanglement in multipartite
systems is crucial for our understanding of quantum many-
body systems and the development of quantum information
science [1–4]. A particular challenge is the development of
experimentally implementable criteria for the detection of
multipartite entanglement [5,6]. The development of quan-
tum technologies further demands a precise understanding
of the set of multipartite entangled states that enable a
quantum advantage in specific applications of quantum
information [7,8]. In this context, metrological entangle-
ment criteria are powerful tools that establish a quantitative
link between the number of detected entangled parties and
the quantum gain in interferometric measurements [8–12].
As a consequence of the exponentially increasing num-

ber of partitions in multipartite systems, there is no unique
way to quantify multipartite entanglement. Common
approaches to capture the extent of multipartite correlations
focus on simple integer indicators [5]: An entanglement
depth of w describes that at least w parties must be
entangled, while h-inseparability expresses that the system
cannot be split into h separable subsystems. Larger values
of w and smaller values of h generally indicate more
multipartite entanglement, and experimentally observable
bounds on both can be obtained with different methods
[5,6], including from the metrological sensitivity in terms
of the quantum Fisher information [11].
A systematic approach based on the partitions of a

multipartite system reveals a duality between w and h [13].
Let us illustrate this with the example of a 7-partite system that
allows for a separable description in the partition
! ! 1j2345j67, see Fig. 1. The system is separable into h !
3 subsets and it contains entanglement among up to w ! 4
parties, i.e., it has an entanglement depth of w ! 4. By using
the correspondence between partitions of a system (up to

permutations of the particle labels) and Young diagrams, we
can represent this partition as !! , where each box
represents one party and each row represents an entangled
subset of decreasing size from top to bottom. We can easily
convince ourselves that w and h correspond to the width and
height of the Young diagram, respectively.
Focusing exclusively on one of these two quantities

provides only limited information about the allowed
structure of separable partitions. The entanglement depth
w refers to the size of the largest subset but ignores the size
and number of the remaining subsets. For instance, w ! 4
does not distinguish between the partition ! and, e.g.,
!0! , even though the latter clearly contains more
entanglement. Separability, in contrast, is insensitive to the
size of the entangled subsets and h ! 3 is also compatible
with, e.g., !00! . As an alternative integer quantifier, the
rank of a partition, defined by Dyson [14] as r ! w " h,
combines the information about w and h, and was recently
suggested to express the “strechability” of correlations
[13]. In our example, it successfully distinguishes these

FIG. 1. Representation of multipartite entanglement using
Young diagrams. In this example, a system of N ! 7 particles
is separable in a partition into h ! 3 subsets and contains an
entanglement depth of w ! 4 particles. These quantities corre-
spond to height h and width w of the associated Young diagram.
Dyson’s rank r ! w " h combines both pieces of information.
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An efficient classification of entanglement in multipartite
systems is crucial for our understanding of quantum many-
body systems and the development of quantum information
science [1–4]. A particular challenge is the development of
experimentally implementable criteria for the detection of
multipartite entanglement [5,6]. The development of quan-
tum technologies further demands a precise understanding
of the set of multipartite entangled states that enable a
quantum advantage in specific applications of quantum
information [7,8]. In this context, metrological entangle-
ment criteria are powerful tools that establish a quantitative
link between the number of detected entangled parties and
the quantum gain in interferometric measurements [8–12].
As a consequence of the exponentially increasing num-

ber of partitions in multipartite systems, there is no unique
way to quantify multipartite entanglement. Common
approaches to capture the extent of multipartite correlations
focus on simple integer indicators [5]: An entanglement
depth of w describes that at least w parties must be
entangled, while h-inseparability expresses that the system
cannot be split into h separable subsystems. Larger values
of w and smaller values of h generally indicate more
multipartite entanglement, and experimentally observable
bounds on both can be obtained with different methods
[5,6], including from the metrological sensitivity in terms
of the quantum Fisher information [11].
A systematic approach based on the partitions of a

multipartite system reveals a duality between w and h [13].
Let us illustrate this with the example of a 7-partite system that
allows for a separable description in the partition
! ! 1j2345j67, see Fig. 1. The system is separable into h !
3 subsets and it contains entanglement among up to w ! 4
parties, i.e., it has an entanglement depth of w ! 4. By using
the correspondence between partitions of a system (up to

permutations of the particle labels) and Young diagrams, we
can represent this partition as !! , where each box
represents one party and each row represents an entangled
subset of decreasing size from top to bottom. We can easily
convince ourselves that w and h correspond to the width and
height of the Young diagram, respectively.
Focusing exclusively on one of these two quantities

provides only limited information about the allowed
structure of separable partitions. The entanglement depth
w refers to the size of the largest subset but ignores the size
and number of the remaining subsets. For instance, w ! 4
does not distinguish between the partition ! and, e.g.,
!0! , even though the latter clearly contains more
entanglement. Separability, in contrast, is insensitive to the
size of the entangled subsets and h ! 3 is also compatible
with, e.g., !00! . As an alternative integer quantifier, the
rank of a partition, defined by Dyson [14] as r ! w " h,
combines the information about w and h, and was recently
suggested to express the “strechability” of correlations
[13]. In our example, it successfully distinguishes these

FIG. 1. Representation of multipartite entanglement using
Young diagrams. In this example, a system of N ! 7 particles
is separable in a partition into h ! 3 subsets and contains an
entanglement depth of w ! 4 particles. These quantities corre-
spond to height h and width w of the associated Young diagram.
Dyson’s rank r ! w " h combines both pieces of information.
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An efficient classification of entanglement in multipartite
systems is crucial for our understanding of quantum many-
body systems and the development of quantum information
science [1–4]. A particular challenge is the development of
experimentally implementable criteria for the detection of
multipartite entanglement [5,6]. The development of quan-
tum technologies further demands a precise understanding
of the set of multipartite entangled states that enable a
quantum advantage in specific applications of quantum
information [7,8]. In this context, metrological entangle-
ment criteria are powerful tools that establish a quantitative
link between the number of detected entangled parties and
the quantum gain in interferometric measurements [8–12].
As a consequence of the exponentially increasing num-

ber of partitions in multipartite systems, there is no unique
way to quantify multipartite entanglement. Common
approaches to capture the extent of multipartite correlations
focus on simple integer indicators [5]: An entanglement
depth of w describes that at least w parties must be
entangled, while h-inseparability expresses that the system
cannot be split into h separable subsystems. Larger values
of w and smaller values of h generally indicate more
multipartite entanglement, and experimentally observable
bounds on both can be obtained with different methods
[5,6], including from the metrological sensitivity in terms
of the quantum Fisher information [11].
A systematic approach based on the partitions of a

multipartite system reveals a duality between w and h [13].
Let us illustrate this with the example of a 7-partite system that
allows for a separable description in the partition
! ! 1j2345j67, see Fig. 1. The system is separable into h !
3 subsets and it contains entanglement among up to w ! 4
parties, i.e., it has an entanglement depth of w ! 4. By using
the correspondence between partitions of a system (up to

permutations of the particle labels) and Young diagrams, we
can represent this partition as !! , where each box
represents one party and each row represents an entangled
subset of decreasing size from top to bottom. We can easily
convince ourselves that w and h correspond to the width and
height of the Young diagram, respectively.
Focusing exclusively on one of these two quantities

provides only limited information about the allowed
structure of separable partitions. The entanglement depth
w refers to the size of the largest subset but ignores the size
and number of the remaining subsets. For instance, w ! 4
does not distinguish between the partition ! and, e.g.,
!0! , even though the latter clearly contains more
entanglement. Separability, in contrast, is insensitive to the
size of the entangled subsets and h ! 3 is also compatible
with, e.g., !00! . As an alternative integer quantifier, the
rank of a partition, defined by Dyson [14] as r ! w " h,
combines the information about w and h, and was recently
suggested to express the “strechability” of correlations
[13]. In our example, it successfully distinguishes these

FIG. 1. Representation of multipartite entanglement using
Young diagrams. In this example, a system of N ! 7 particles
is separable in a partition into h ! 3 subsets and contains an
entanglement depth of w ! 4 particles. These quantities corre-
spond to height h and width w of the associated Young diagram.
Dyson’s rank r ! w " h combines both pieces of information.
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systems is crucial for our understanding of quantum many-
body systems and the development of quantum information
science [1–4]. A particular challenge is the development of
experimentally implementable criteria for the detection of
multipartite entanglement [5,6]. The development of quan-
tum technologies further demands a precise understanding
of the set of multipartite entangled states that enable a
quantum advantage in specific applications of quantum
information [7,8]. In this context, metrological entangle-
ment criteria are powerful tools that establish a quantitative
link between the number of detected entangled parties and
the quantum gain in interferometric measurements [8–12].
As a consequence of the exponentially increasing num-

ber of partitions in multipartite systems, there is no unique
way to quantify multipartite entanglement. Common
approaches to capture the extent of multipartite correlations
focus on simple integer indicators [5]: An entanglement
depth of w describes that at least w parties must be
entangled, while h-inseparability expresses that the system
cannot be split into h separable subsystems. Larger values
of w and smaller values of h generally indicate more
multipartite entanglement, and experimentally observable
bounds on both can be obtained with different methods
[5,6], including from the metrological sensitivity in terms
of the quantum Fisher information [11].
A systematic approach based on the partitions of a

multipartite system reveals a duality between w and h [13].
Let us illustrate this with the example of a 7-partite system that
allows for a separable description in the partition
! ! 1j2345j67, see Fig. 1. The system is separable into h !
3 subsets and it contains entanglement among up to w ! 4
parties, i.e., it has an entanglement depth of w ! 4. By using
the correspondence between partitions of a system (up to

permutations of the particle labels) and Young diagrams, we
can represent this partition as !! , where each box
represents one party and each row represents an entangled
subset of decreasing size from top to bottom. We can easily
convince ourselves that w and h correspond to the width and
height of the Young diagram, respectively.
Focusing exclusively on one of these two quantities

provides only limited information about the allowed
structure of separable partitions. The entanglement depth
w refers to the size of the largest subset but ignores the size
and number of the remaining subsets. For instance, w ! 4
does not distinguish between the partition ! and, e.g.,
!0! , even though the latter clearly contains more
entanglement. Separability, in contrast, is insensitive to the
size of the entangled subsets and h ! 3 is also compatible
with, e.g., !00! . As an alternative integer quantifier, the
rank of a partition, defined by Dyson [14] as r ! w " h,
combines the information about w and h, and was recently
suggested to express the “strechability” of correlations
[13]. In our example, it successfully distinguishes these

FIG. 1. Representation of multipartite entanglement using
Young diagrams. In this example, a system of N ! 7 particles
is separable in a partition into h ! 3 subsets and contains an
entanglement depth of w ! 4 particles. These quantities corre-
spond to height h and width w of the associated Young diagram.
Dyson’s rank r ! w " h combines both pieces of information.
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Which configuration contains “more entanglement” ? 

An approach to quantify classical correlations was introduced by Young and Dyson 
and can be extended to quantum correlations.  
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24 Rue Lhomond, 75005 Paris, France
3QSTAR, INO-CNR, and LENS, Largo Enrico Fermi 2, 50125 Firenze, Italy

(Received 7 December 2020; accepted 13 January 2021; published 25 February 2021)

We characterize metrologically useful multipartite entanglement by representing partitions with Young
diagrams. We derive entanglement witnesses that are sensitive to the shape of Young diagrams and show
that Dyson’s rank acts as a resource for quantum metrology. Common quantifiers, such as the entanglement
depth and k-separability are contained in this approach as the diagram’s width and height. Our methods are
experimentally accessible in a wide range of atomic systems, as we illustrate by analyzing published data
on the quantum Fisher information and spin-squeezing coefficients.

DOI: 10.1103/PhysRevLett.126.080502

An efficient classification of entanglement in multipartite
systems is crucial for our understanding of quantum many-
body systems and the development of quantum information
science [1–4]. A particular challenge is the development of
experimentally implementable criteria for the detection of
multipartite entanglement [5,6]. The development of quan-
tum technologies further demands a precise understanding
of the set of multipartite entangled states that enable a
quantum advantage in specific applications of quantum
information [7,8]. In this context, metrological entangle-
ment criteria are powerful tools that establish a quantitative
link between the number of detected entangled parties and
the quantum gain in interferometric measurements [8–12].
As a consequence of the exponentially increasing num-

ber of partitions in multipartite systems, there is no unique
way to quantify multipartite entanglement. Common
approaches to capture the extent of multipartite correlations
focus on simple integer indicators [5]: An entanglement
depth of w describes that at least w parties must be
entangled, while h-inseparability expresses that the system
cannot be split into h separable subsystems. Larger values
of w and smaller values of h generally indicate more
multipartite entanglement, and experimentally observable
bounds on both can be obtained with different methods
[5,6], including from the metrological sensitivity in terms
of the quantum Fisher information [11].
A systematic approach based on the partitions of a

multipartite system reveals a duality between w and h [13].
Let us illustrate this with the example of a 7-partite system that
allows for a separable description in the partition
! ! 1j2345j67, see Fig. 1. The system is separable into h !
3 subsets and it contains entanglement among up to w ! 4
parties, i.e., it has an entanglement depth of w ! 4. By using
the correspondence between partitions of a system (up to

permutations of the particle labels) and Young diagrams, we
can represent this partition as !! , where each box
represents one party and each row represents an entangled
subset of decreasing size from top to bottom. We can easily
convince ourselves that w and h correspond to the width and
height of the Young diagram, respectively.
Focusing exclusively on one of these two quantities

provides only limited information about the allowed
structure of separable partitions. The entanglement depth
w refers to the size of the largest subset but ignores the size
and number of the remaining subsets. For instance, w ! 4
does not distinguish between the partition ! and, e.g.,
!0! , even though the latter clearly contains more
entanglement. Separability, in contrast, is insensitive to the
size of the entangled subsets and h ! 3 is also compatible
with, e.g., !00! . As an alternative integer quantifier, the
rank of a partition, defined by Dyson [14] as r ! w " h,
combines the information about w and h, and was recently
suggested to express the “strechability” of correlations
[13]. In our example, it successfully distinguishes these

FIG. 1. Representation of multipartite entanglement using
Young diagrams. In this example, a system of N ! 7 particles
is separable in a partition into h ! 3 subsets and contains an
entanglement depth of w ! 4 particles. These quantities corre-
spond to height h and width w of the associated Young diagram.
Dyson’s rank r ! w " h combines both pieces of information.
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N=7 particles in h=3 separable subsets with an entanglement depth of w=4 particles.  

Larger values of r, w and smaller values of h indicate more multipartite entanglement. 

i) Entanglement depth w: at least w parties must be entangled
ii) h-inseparability: the system cannot be split in h separable subsystems.

iii) The Dyson rank r = w – h provides the “stretchability” of correlations.  
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An efficient classification of entanglement in multipartite
systems is crucial for our understanding of quantum many-
body systems and the development of quantum information
science [1–4]. A particular challenge is the development of
experimentally implementable criteria for the detection of
multipartite entanglement [5,6]. The development of quan-
tum technologies further demands a precise understanding
of the set of multipartite entangled states that enable a
quantum advantage in specific applications of quantum
information [7,8]. In this context, metrological entangle-
ment criteria are powerful tools that establish a quantitative
link between the number of detected entangled parties and
the quantum gain in interferometric measurements [8–12].
As a consequence of the exponentially increasing num-

ber of partitions in multipartite systems, there is no unique
way to quantify multipartite entanglement. Common
approaches to capture the extent of multipartite correlations
focus on simple integer indicators [5]: An entanglement
depth of w describes that at least w parties must be
entangled, while h-inseparability expresses that the system
cannot be split into h separable subsystems. Larger values
of w and smaller values of h generally indicate more
multipartite entanglement, and experimentally observable
bounds on both can be obtained with different methods
[5,6], including from the metrological sensitivity in terms
of the quantum Fisher information [11].
A systematic approach based on the partitions of a

multipartite system reveals a duality between w and h [13].
Let us illustrate this with the example of a 7-partite system that
allows for a separable description in the partition
! ! 1j2345j67, see Fig. 1. The system is separable into h !
3 subsets and it contains entanglement among up to w ! 4
parties, i.e., it has an entanglement depth of w ! 4. By using
the correspondence between partitions of a system (up to

permutations of the particle labels) and Young diagrams, we
can represent this partition as !! , where each box
represents one party and each row represents an entangled
subset of decreasing size from top to bottom. We can easily
convince ourselves that w and h correspond to the width and
height of the Young diagram, respectively.
Focusing exclusively on one of these two quantities

provides only limited information about the allowed
structure of separable partitions. The entanglement depth
w refers to the size of the largest subset but ignores the size
and number of the remaining subsets. For instance, w ! 4
does not distinguish between the partition ! and, e.g.,
!0! , even though the latter clearly contains more
entanglement. Separability, in contrast, is insensitive to the
size of the entangled subsets and h ! 3 is also compatible
with, e.g., !00! . As an alternative integer quantifier, the
rank of a partition, defined by Dyson [14] as r ! w " h,
combines the information about w and h, and was recently
suggested to express the “strechability” of correlations
[13]. In our example, it successfully distinguishes these

FIG. 1. Representation of multipartite entanglement using
Young diagrams. In this example, a system of N ! 7 particles
is separable in a partition into h ! 3 subsets and contains an
entanglement depth of w ! 4 particles. These quantities corre-
spond to height h and width w of the associated Young diagram.
Dyson’s rank r ! w " h combines both pieces of information.
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An efficient classification of entanglement in multipartite
systems is crucial for our understanding of quantum many-
body systems and the development of quantum information
science [1–4]. A particular challenge is the development of
experimentally implementable criteria for the detection of
multipartite entanglement [5,6]. The development of quan-
tum technologies further demands a precise understanding
of the set of multipartite entangled states that enable a
quantum advantage in specific applications of quantum
information [7,8]. In this context, metrological entangle-
ment criteria are powerful tools that establish a quantitative
link between the number of detected entangled parties and
the quantum gain in interferometric measurements [8–12].
As a consequence of the exponentially increasing num-

ber of partitions in multipartite systems, there is no unique
way to quantify multipartite entanglement. Common
approaches to capture the extent of multipartite correlations
focus on simple integer indicators [5]: An entanglement
depth of w describes that at least w parties must be
entangled, while h-inseparability expresses that the system
cannot be split into h separable subsystems. Larger values
of w and smaller values of h generally indicate more
multipartite entanglement, and experimentally observable
bounds on both can be obtained with different methods
[5,6], including from the metrological sensitivity in terms
of the quantum Fisher information [11].
A systematic approach based on the partitions of a

multipartite system reveals a duality between w and h [13].
Let us illustrate this with the example of a 7-partite system that
allows for a separable description in the partition
! ! 1j2345j67, see Fig. 1. The system is separable into h !
3 subsets and it contains entanglement among up to w ! 4
parties, i.e., it has an entanglement depth of w ! 4. By using
the correspondence between partitions of a system (up to

permutations of the particle labels) and Young diagrams, we
can represent this partition as !! , where each box
represents one party and each row represents an entangled
subset of decreasing size from top to bottom. We can easily
convince ourselves that w and h correspond to the width and
height of the Young diagram, respectively.
Focusing exclusively on one of these two quantities

provides only limited information about the allowed
structure of separable partitions. The entanglement depth
w refers to the size of the largest subset but ignores the size
and number of the remaining subsets. For instance, w ! 4
does not distinguish between the partition ! and, e.g.,
!0! , even though the latter clearly contains more
entanglement. Separability, in contrast, is insensitive to the
size of the entangled subsets and h ! 3 is also compatible
with, e.g., !00! . As an alternative integer quantifier, the
rank of a partition, defined by Dyson [14] as r ! w " h,
combines the information about w and h, and was recently
suggested to express the “strechability” of correlations
[13]. In our example, it successfully distinguishes these

FIG. 1. Representation of multipartite entanglement using
Young diagrams. In this example, a system of N ! 7 particles
is separable in a partition into h ! 3 subsets and contains an
entanglement depth of w ! 4 particles. These quantities corre-
spond to height h and width w of the associated Young diagram.
Dyson’s rank r ! w " h combines both pieces of information.
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An efficient classification of entanglement in multipartite
systems is crucial for our understanding of quantum many-
body systems and the development of quantum information
science [1–4]. A particular challenge is the development of
experimentally implementable criteria for the detection of
multipartite entanglement [5,6]. The development of quan-
tum technologies further demands a precise understanding
of the set of multipartite entangled states that enable a
quantum advantage in specific applications of quantum
information [7,8]. In this context, metrological entangle-
ment criteria are powerful tools that establish a quantitative
link between the number of detected entangled parties and
the quantum gain in interferometric measurements [8–12].
As a consequence of the exponentially increasing num-

ber of partitions in multipartite systems, there is no unique
way to quantify multipartite entanglement. Common
approaches to capture the extent of multipartite correlations
focus on simple integer indicators [5]: An entanglement
depth of w describes that at least w parties must be
entangled, while h-inseparability expresses that the system
cannot be split into h separable subsystems. Larger values
of w and smaller values of h generally indicate more
multipartite entanglement, and experimentally observable
bounds on both can be obtained with different methods
[5,6], including from the metrological sensitivity in terms
of the quantum Fisher information [11].
A systematic approach based on the partitions of a

multipartite system reveals a duality between w and h [13].
Let us illustrate this with the example of a 7-partite system that
allows for a separable description in the partition
! ! 1j2345j67, see Fig. 1. The system is separable into h !
3 subsets and it contains entanglement among up to w ! 4
parties, i.e., it has an entanglement depth of w ! 4. By using
the correspondence between partitions of a system (up to

permutations of the particle labels) and Young diagrams, we
can represent this partition as !! , where each box
represents one party and each row represents an entangled
subset of decreasing size from top to bottom. We can easily
convince ourselves that w and h correspond to the width and
height of the Young diagram, respectively.
Focusing exclusively on one of these two quantities

provides only limited information about the allowed
structure of separable partitions. The entanglement depth
w refers to the size of the largest subset but ignores the size
and number of the remaining subsets. For instance, w ! 4
does not distinguish between the partition ! and, e.g.,
!0! , even though the latter clearly contains more
entanglement. Separability, in contrast, is insensitive to the
size of the entangled subsets and h ! 3 is also compatible
with, e.g., !00! . As an alternative integer quantifier, the
rank of a partition, defined by Dyson [14] as r ! w " h,
combines the information about w and h, and was recently
suggested to express the “strechability” of correlations
[13]. In our example, it successfully distinguishes these

FIG. 1. Representation of multipartite entanglement using
Young diagrams. In this example, a system of N ! 7 particles
is separable in a partition into h ! 3 subsets and contains an
entanglement depth of w ! 4 particles. These quantities corre-
spond to height h and width w of the associated Young diagram.
Dyson’s rank r ! w " h combines both pieces of information.
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An efficient classification of entanglement in multipartite
systems is crucial for our understanding of quantum many-
body systems and the development of quantum information
science [1–4]. A particular challenge is the development of
experimentally implementable criteria for the detection of
multipartite entanglement [5,6]. The development of quan-
tum technologies further demands a precise understanding
of the set of multipartite entangled states that enable a
quantum advantage in specific applications of quantum
information [7,8]. In this context, metrological entangle-
ment criteria are powerful tools that establish a quantitative
link between the number of detected entangled parties and
the quantum gain in interferometric measurements [8–12].
As a consequence of the exponentially increasing num-

ber of partitions in multipartite systems, there is no unique
way to quantify multipartite entanglement. Common
approaches to capture the extent of multipartite correlations
focus on simple integer indicators [5]: An entanglement
depth of w describes that at least w parties must be
entangled, while h-inseparability expresses that the system
cannot be split into h separable subsystems. Larger values
of w and smaller values of h generally indicate more
multipartite entanglement, and experimentally observable
bounds on both can be obtained with different methods
[5,6], including from the metrological sensitivity in terms
of the quantum Fisher information [11].
A systematic approach based on the partitions of a

multipartite system reveals a duality between w and h [13].
Let us illustrate this with the example of a 7-partite system that
allows for a separable description in the partition
! ! 1j2345j67, see Fig. 1. The system is separable into h !
3 subsets and it contains entanglement among up to w ! 4
parties, i.e., it has an entanglement depth of w ! 4. By using
the correspondence between partitions of a system (up to

permutations of the particle labels) and Young diagrams, we
can represent this partition as !! , where each box
represents one party and each row represents an entangled
subset of decreasing size from top to bottom. We can easily
convince ourselves that w and h correspond to the width and
height of the Young diagram, respectively.
Focusing exclusively on one of these two quantities

provides only limited information about the allowed
structure of separable partitions. The entanglement depth
w refers to the size of the largest subset but ignores the size
and number of the remaining subsets. For instance, w ! 4
does not distinguish between the partition ! and, e.g.,
!0! , even though the latter clearly contains more
entanglement. Separability, in contrast, is insensitive to the
size of the entangled subsets and h ! 3 is also compatible
with, e.g., !00! . As an alternative integer quantifier, the
rank of a partition, defined by Dyson [14] as r ! w " h,
combines the information about w and h, and was recently
suggested to express the “strechability” of correlations
[13]. In our example, it successfully distinguishes these

FIG. 1. Representation of multipartite entanglement using
Young diagrams. In this example, a system of N ! 7 particles
is separable in a partition into h ! 3 subsets and contains an
entanglement depth of w ! 4 particles. These quantities corre-
spond to height h and width w of the associated Young diagram.
Dyson’s rank r ! w " h combines both pieces of information.
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An efficient classification of entanglement in multipartite
systems is crucial for our understanding of quantum many-
body systems and the development of quantum information
science [1–4]. A particular challenge is the development of
experimentally implementable criteria for the detection of
multipartite entanglement [5,6]. The development of quan-
tum technologies further demands a precise understanding
of the set of multipartite entangled states that enable a
quantum advantage in specific applications of quantum
information [7,8]. In this context, metrological entangle-
ment criteria are powerful tools that establish a quantitative
link between the number of detected entangled parties and
the quantum gain in interferometric measurements [8–12].
As a consequence of the exponentially increasing num-

ber of partitions in multipartite systems, there is no unique
way to quantify multipartite entanglement. Common
approaches to capture the extent of multipartite correlations
focus on simple integer indicators [5]: An entanglement
depth of w describes that at least w parties must be
entangled, while h-inseparability expresses that the system
cannot be split into h separable subsystems. Larger values
of w and smaller values of h generally indicate more
multipartite entanglement, and experimentally observable
bounds on both can be obtained with different methods
[5,6], including from the metrological sensitivity in terms
of the quantum Fisher information [11].
A systematic approach based on the partitions of a

multipartite system reveals a duality between w and h [13].
Let us illustrate this with the example of a 7-partite system that
allows for a separable description in the partition
! ! 1j2345j67, see Fig. 1. The system is separable into h !
3 subsets and it contains entanglement among up to w ! 4
parties, i.e., it has an entanglement depth of w ! 4. By using
the correspondence between partitions of a system (up to

permutations of the particle labels) and Young diagrams, we
can represent this partition as !! , where each box
represents one party and each row represents an entangled
subset of decreasing size from top to bottom. We can easily
convince ourselves that w and h correspond to the width and
height of the Young diagram, respectively.
Focusing exclusively on one of these two quantities

provides only limited information about the allowed
structure of separable partitions. The entanglement depth
w refers to the size of the largest subset but ignores the size
and number of the remaining subsets. For instance, w ! 4
does not distinguish between the partition ! and, e.g.,
!0! , even though the latter clearly contains more
entanglement. Separability, in contrast, is insensitive to the
size of the entangled subsets and h ! 3 is also compatible
with, e.g., !00! . As an alternative integer quantifier, the
rank of a partition, defined by Dyson [14] as r ! w " h,
combines the information about w and h, and was recently
suggested to express the “strechability” of correlations
[13]. In our example, it successfully distinguishes these

FIG. 1. Representation of multipartite entanglement using
Young diagrams. In this example, a system of N ! 7 particles
is separable in a partition into h ! 3 subsets and contains an
entanglement depth of w ! 4 particles. These quantities corre-
spond to height h and width w of the associated Young diagram.
Dyson’s rank r ! w " h combines both pieces of information.
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An efficient classification of entanglement in multipartite
systems is crucial for our understanding of quantum many-
body systems and the development of quantum information
science [1–4]. A particular challenge is the development of
experimentally implementable criteria for the detection of
multipartite entanglement [5,6]. The development of quan-
tum technologies further demands a precise understanding
of the set of multipartite entangled states that enable a
quantum advantage in specific applications of quantum
information [7,8]. In this context, metrological entangle-
ment criteria are powerful tools that establish a quantitative
link between the number of detected entangled parties and
the quantum gain in interferometric measurements [8–12].
As a consequence of the exponentially increasing num-

ber of partitions in multipartite systems, there is no unique
way to quantify multipartite entanglement. Common
approaches to capture the extent of multipartite correlations
focus on simple integer indicators [5]: An entanglement
depth of w describes that at least w parties must be
entangled, while h-inseparability expresses that the system
cannot be split into h separable subsystems. Larger values
of w and smaller values of h generally indicate more
multipartite entanglement, and experimentally observable
bounds on both can be obtained with different methods
[5,6], including from the metrological sensitivity in terms
of the quantum Fisher information [11].
A systematic approach based on the partitions of a

multipartite system reveals a duality between w and h [13].
Let us illustrate this with the example of a 7-partite system that
allows for a separable description in the partition
! ! 1j2345j67, see Fig. 1. The system is separable into h !
3 subsets and it contains entanglement among up to w ! 4
parties, i.e., it has an entanglement depth of w ! 4. By using
the correspondence between partitions of a system (up to

permutations of the particle labels) and Young diagrams, we
can represent this partition as !! , where each box
represents one party and each row represents an entangled
subset of decreasing size from top to bottom. We can easily
convince ourselves that w and h correspond to the width and
height of the Young diagram, respectively.
Focusing exclusively on one of these two quantities

provides only limited information about the allowed
structure of separable partitions. The entanglement depth
w refers to the size of the largest subset but ignores the size
and number of the remaining subsets. For instance, w ! 4
does not distinguish between the partition ! and, e.g.,
!0! , even though the latter clearly contains more
entanglement. Separability, in contrast, is insensitive to the
size of the entangled subsets and h ! 3 is also compatible
with, e.g., !00! . As an alternative integer quantifier, the
rank of a partition, defined by Dyson [14] as r ! w " h,
combines the information about w and h, and was recently
suggested to express the “strechability” of correlations
[13]. In our example, it successfully distinguishes these

FIG. 1. Representation of multipartite entanglement using
Young diagrams. In this example, a system of N ! 7 particles
is separable in a partition into h ! 3 subsets and contains an
entanglement depth of w ! 4 particles. These quantities corre-
spond to height h and width w of the associated Young diagram.
Dyson’s rank r ! w " h combines both pieces of information.
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w refers to the size of the largest subset but ignores the size
and number of the remaining subsets. For instance, w ! 4
does not distinguish between the partition ! and, e.g.,
!0! , even though the latter clearly contains more
entanglement. Separability, in contrast, is insensitive to the
size of the entangled subsets and h ! 3 is also compatible
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quantum advantage in specific applications of quantum
information [7,8]. In this context, metrological entangle-
ment criteria are powerful tools that establish a quantitative
link between the number of detected entangled parties and
the quantum gain in interferometric measurements [8–12].
As a consequence of the exponentially increasing num-
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approaches to capture the extent of multipartite correlations
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depth of w describes that at least w parties must be
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cannot be split into h separable subsystems. Larger values
of w and smaller values of h generally indicate more
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bounds on both can be obtained with different methods
[5,6], including from the metrological sensitivity in terms
of the quantum Fisher information [11].
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allows for a separable description in the partition
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3 subsets and it contains entanglement among up to w ! 4
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represents one party and each row represents an entangled
subset of decreasing size from top to bottom. We can easily
convince ourselves that w and h correspond to the width and
height of the Young diagram, respectively.
Focusing exclusively on one of these two quantities
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w refers to the size of the largest subset but ignores the size
and number of the remaining subsets. For instance, w ! 4
does not distinguish between the partition ! and, e.g.,
!0! , even though the latter clearly contains more
entanglement. Separability, in contrast, is insensitive to the
size of the entangled subsets and h ! 3 is also compatible
with, e.g., !00! . As an alternative integer quantifier, the
rank of a partition, defined by Dyson [14] as r ! w " h,
combines the information about w and h, and was recently
suggested to express the “strechability” of correlations
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body systems and the development of quantum information
science [1–4]. A particular challenge is the development of
experimentally implementable criteria for the detection of
multipartite entanglement [5,6]. The development of quan-
tum technologies further demands a precise understanding
of the set of multipartite entangled states that enable a
quantum advantage in specific applications of quantum
information [7,8]. In this context, metrological entangle-
ment criteria are powerful tools that establish a quantitative
link between the number of detected entangled parties and
the quantum gain in interferometric measurements [8–12].
As a consequence of the exponentially increasing num-

ber of partitions in multipartite systems, there is no unique
way to quantify multipartite entanglement. Common
approaches to capture the extent of multipartite correlations
focus on simple integer indicators [5]: An entanglement
depth of w describes that at least w parties must be
entangled, while h-inseparability expresses that the system
cannot be split into h separable subsystems. Larger values
of w and smaller values of h generally indicate more
multipartite entanglement, and experimentally observable
bounds on both can be obtained with different methods
[5,6], including from the metrological sensitivity in terms
of the quantum Fisher information [11].
A systematic approach based on the partitions of a

multipartite system reveals a duality between w and h [13].
Let us illustrate this with the example of a 7-partite system that
allows for a separable description in the partition
! ! 1j2345j67, see Fig. 1. The system is separable into h !
3 subsets and it contains entanglement among up to w ! 4
parties, i.e., it has an entanglement depth of w ! 4. By using
the correspondence between partitions of a system (up to

permutations of the particle labels) and Young diagrams, we
can represent this partition as !! , where each box
represents one party and each row represents an entangled
subset of decreasing size from top to bottom. We can easily
convince ourselves that w and h correspond to the width and
height of the Young diagram, respectively.
Focusing exclusively on one of these two quantities

provides only limited information about the allowed
structure of separable partitions. The entanglement depth
w refers to the size of the largest subset but ignores the size
and number of the remaining subsets. For instance, w ! 4
does not distinguish between the partition ! and, e.g.,
!0! , even though the latter clearly contains more
entanglement. Separability, in contrast, is insensitive to the
size of the entangled subsets and h ! 3 is also compatible
with, e.g., !00! . As an alternative integer quantifier, the
rank of a partition, defined by Dyson [14] as r ! w " h,
combines the information about w and h, and was recently
suggested to express the “strechability” of correlations
[13]. In our example, it successfully distinguishes these

FIG. 1. Representation of multipartite entanglement using
Young diagrams. In this example, a system of N ! 7 particles
is separable in a partition into h ! 3 subsets and contains an
entanglement depth of w ! 4 particles. These quantities corre-
spond to height h and width w of the associated Young diagram.
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An efficient classification of entanglement in multipartite
systems is crucial for our understanding of quantum many-
body systems and the development of quantum information
science [1–4]. A particular challenge is the development of
experimentally implementable criteria for the detection of
multipartite entanglement [5,6]. The development of quan-
tum technologies further demands a precise understanding
of the set of multipartite entangled states that enable a
quantum advantage in specific applications of quantum
information [7,8]. In this context, metrological entangle-
ment criteria are powerful tools that establish a quantitative
link between the number of detected entangled parties and
the quantum gain in interferometric measurements [8–12].
As a consequence of the exponentially increasing num-

ber of partitions in multipartite systems, there is no unique
way to quantify multipartite entanglement. Common
approaches to capture the extent of multipartite correlations
focus on simple integer indicators [5]: An entanglement
depth of w describes that at least w parties must be
entangled, while h-inseparability expresses that the system
cannot be split into h separable subsystems. Larger values
of w and smaller values of h generally indicate more
multipartite entanglement, and experimentally observable
bounds on both can be obtained with different methods
[5,6], including from the metrological sensitivity in terms
of the quantum Fisher information [11].
A systematic approach based on the partitions of a

multipartite system reveals a duality between w and h [13].
Let us illustrate this with the example of a 7-partite system that
allows for a separable description in the partition
! ! 1j2345j67, see Fig. 1. The system is separable into h !
3 subsets and it contains entanglement among up to w ! 4
parties, i.e., it has an entanglement depth of w ! 4. By using
the correspondence between partitions of a system (up to

permutations of the particle labels) and Young diagrams, we
can represent this partition as !! , where each box
represents one party and each row represents an entangled
subset of decreasing size from top to bottom. We can easily
convince ourselves that w and h correspond to the width and
height of the Young diagram, respectively.
Focusing exclusively on one of these two quantities

provides only limited information about the allowed
structure of separable partitions. The entanglement depth
w refers to the size of the largest subset but ignores the size
and number of the remaining subsets. For instance, w ! 4
does not distinguish between the partition ! and, e.g.,
!0! , even though the latter clearly contains more
entanglement. Separability, in contrast, is insensitive to the
size of the entangled subsets and h ! 3 is also compatible
with, e.g., !00! . As an alternative integer quantifier, the
rank of a partition, defined by Dyson [14] as r ! w " h,
combines the information about w and h, and was recently
suggested to express the “strechability” of correlations
[13]. In our example, it successfully distinguishes these

FIG. 1. Representation of multipartite entanglement using
Young diagrams. In this example, a system of N ! 7 particles
is separable in a partition into h ! 3 subsets and contains an
entanglement depth of w ! 4 particles. These quantities corre-
spond to height h and width w of the associated Young diagram.
Dyson’s rank r ! w " h combines both pieces of information.
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An efficient classification of entanglement in multipartite
systems is crucial for our understanding of quantum many-
body systems and the development of quantum information
science [1–4]. A particular challenge is the development of
experimentally implementable criteria for the detection of
multipartite entanglement [5,6]. The development of quan-
tum technologies further demands a precise understanding
of the set of multipartite entangled states that enable a
quantum advantage in specific applications of quantum
information [7,8]. In this context, metrological entangle-
ment criteria are powerful tools that establish a quantitative
link between the number of detected entangled parties and
the quantum gain in interferometric measurements [8–12].
As a consequence of the exponentially increasing num-

ber of partitions in multipartite systems, there is no unique
way to quantify multipartite entanglement. Common
approaches to capture the extent of multipartite correlations
focus on simple integer indicators [5]: An entanglement
depth of w describes that at least w parties must be
entangled, while h-inseparability expresses that the system
cannot be split into h separable subsystems. Larger values
of w and smaller values of h generally indicate more
multipartite entanglement, and experimentally observable
bounds on both can be obtained with different methods
[5,6], including from the metrological sensitivity in terms
of the quantum Fisher information [11].
A systematic approach based on the partitions of a

multipartite system reveals a duality between w and h [13].
Let us illustrate this with the example of a 7-partite system that
allows for a separable description in the partition
! ! 1j2345j67, see Fig. 1. The system is separable into h !
3 subsets and it contains entanglement among up to w ! 4
parties, i.e., it has an entanglement depth of w ! 4. By using
the correspondence between partitions of a system (up to

permutations of the particle labels) and Young diagrams, we
can represent this partition as !! , where each box
represents one party and each row represents an entangled
subset of decreasing size from top to bottom. We can easily
convince ourselves that w and h correspond to the width and
height of the Young diagram, respectively.
Focusing exclusively on one of these two quantities

provides only limited information about the allowed
structure of separable partitions. The entanglement depth
w refers to the size of the largest subset but ignores the size
and number of the remaining subsets. For instance, w ! 4
does not distinguish between the partition ! and, e.g.,
!0! , even though the latter clearly contains more
entanglement. Separability, in contrast, is insensitive to the
size of the entangled subsets and h ! 3 is also compatible
with, e.g., !00! . As an alternative integer quantifier, the
rank of a partition, defined by Dyson [14] as r ! w " h,
combines the information about w and h, and was recently
suggested to express the “strechability” of correlations
[13]. In our example, it successfully distinguishes these

FIG. 1. Representation of multipartite entanglement using
Young diagrams. In this example, a system of N ! 7 particles
is separable in a partition into h ! 3 subsets and contains an
entanglement depth of w ! 4 particles. These quantities corre-
spond to height h and width w of the associated Young diagram.
Dyson’s rank r ! w " h combines both pieces of information.
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systems is crucial for our understanding of quantum many-
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science [1–4]. A particular challenge is the development of
experimentally implementable criteria for the detection of
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tum technologies further demands a precise understanding
of the set of multipartite entangled states that enable a
quantum advantage in specific applications of quantum
information [7,8]. In this context, metrological entangle-
ment criteria are powerful tools that establish a quantitative
link between the number of detected entangled parties and
the quantum gain in interferometric measurements [8–12].
As a consequence of the exponentially increasing num-

ber of partitions in multipartite systems, there is no unique
way to quantify multipartite entanglement. Common
approaches to capture the extent of multipartite correlations
focus on simple integer indicators [5]: An entanglement
depth of w describes that at least w parties must be
entangled, while h-inseparability expresses that the system
cannot be split into h separable subsystems. Larger values
of w and smaller values of h generally indicate more
multipartite entanglement, and experimentally observable
bounds on both can be obtained with different methods
[5,6], including from the metrological sensitivity in terms
of the quantum Fisher information [11].
A systematic approach based on the partitions of a

multipartite system reveals a duality between w and h [13].
Let us illustrate this with the example of a 7-partite system that
allows for a separable description in the partition
! ! 1j2345j67, see Fig. 1. The system is separable into h !
3 subsets and it contains entanglement among up to w ! 4
parties, i.e., it has an entanglement depth of w ! 4. By using
the correspondence between partitions of a system (up to
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can represent this partition as !! , where each box
represents one party and each row represents an entangled
subset of decreasing size from top to bottom. We can easily
convince ourselves that w and h correspond to the width and
height of the Young diagram, respectively.
Focusing exclusively on one of these two quantities

provides only limited information about the allowed
structure of separable partitions. The entanglement depth
w refers to the size of the largest subset but ignores the size
and number of the remaining subsets. For instance, w ! 4
does not distinguish between the partition ! and, e.g.,
!0! , even though the latter clearly contains more
entanglement. Separability, in contrast, is insensitive to the
size of the entangled subsets and h ! 3 is also compatible
with, e.g., !00! . As an alternative integer quantifier, the
rank of a partition, defined by Dyson [14] as r ! w " h,
combines the information about w and h, and was recently
suggested to express the “strechability” of correlations
[13]. In our example, it successfully distinguishes these

FIG. 1. Representation of multipartite entanglement using
Young diagrams. In this example, a system of N ! 7 particles
is separable in a partition into h ! 3 subsets and contains an
entanglement depth of w ! 4 particles. These quantities corre-
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An efficient classification of entanglement in multipartite
systems is crucial for our understanding of quantum many-
body systems and the development of quantum information
science [1–4]. A particular challenge is the development of
experimentally implementable criteria for the detection of
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tum technologies further demands a precise understanding
of the set of multipartite entangled states that enable a
quantum advantage in specific applications of quantum
information [7,8]. In this context, metrological entangle-
ment criteria are powerful tools that establish a quantitative
link between the number of detected entangled parties and
the quantum gain in interferometric measurements [8–12].
As a consequence of the exponentially increasing num-

ber of partitions in multipartite systems, there is no unique
way to quantify multipartite entanglement. Common
approaches to capture the extent of multipartite correlations
focus on simple integer indicators [5]: An entanglement
depth of w describes that at least w parties must be
entangled, while h-inseparability expresses that the system
cannot be split into h separable subsystems. Larger values
of w and smaller values of h generally indicate more
multipartite entanglement, and experimentally observable
bounds on both can be obtained with different methods
[5,6], including from the metrological sensitivity in terms
of the quantum Fisher information [11].
A systematic approach based on the partitions of a

multipartite system reveals a duality between w and h [13].
Let us illustrate this with the example of a 7-partite system that
allows for a separable description in the partition
! ! 1j2345j67, see Fig. 1. The system is separable into h !
3 subsets and it contains entanglement among up to w ! 4
parties, i.e., it has an entanglement depth of w ! 4. By using
the correspondence between partitions of a system (up to

permutations of the particle labels) and Young diagrams, we
can represent this partition as !! , where each box
represents one party and each row represents an entangled
subset of decreasing size from top to bottom. We can easily
convince ourselves that w and h correspond to the width and
height of the Young diagram, respectively.
Focusing exclusively on one of these two quantities

provides only limited information about the allowed
structure of separable partitions. The entanglement depth
w refers to the size of the largest subset but ignores the size
and number of the remaining subsets. For instance, w ! 4
does not distinguish between the partition ! and, e.g.,
!0! , even though the latter clearly contains more
entanglement. Separability, in contrast, is insensitive to the
size of the entangled subsets and h ! 3 is also compatible
with, e.g., !00! . As an alternative integer quantifier, the
rank of a partition, defined by Dyson [14] as r ! w " h,
combines the information about w and h, and was recently
suggested to express the “strechability” of correlations
[13]. In our example, it successfully distinguishes these

FIG. 1. Representation of multipartite entanglement using
Young diagrams. In this example, a system of N ! 7 particles
is separable in a partition into h ! 3 subsets and contains an
entanglement depth of w ! 4 particles. These quantities corre-
spond to height h and width w of the associated Young diagram.
Dyson’s rank r ! w " h combines both pieces of information.
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with, e.g., !00! . As an alternative integer quantifier, the
rank of a partition, defined by Dyson [14] as r ! w " h,
combines the information about w and h, and was recently
suggested to express the “strechability” of correlations
[13]. In our example, it successfully distinguishes these

FIG. 1. Representation of multipartite entanglement using
Young diagrams. In this example, a system of N ! 7 particles
is separable in a partition into h ! 3 subsets and contains an
entanglement depth of w ! 4 particles. These quantities corre-
spond to height h and width w of the associated Young diagram.
Dyson’s rank r ! w " h combines both pieces of information.

PHYSICAL REVIEW LETTERS 126, 080502 (2021)

0031-9007=21=126(8)=080502(6) 080502-1 © 2021 American Physical Society

 

Metrological Detection of Multipartite Entanglement from Young Diagrams

Zhihong Ren ,1,2 Weidong Li ,1,* Augusto Smerzi,1,3,† and Manuel Gessner 2,‡
1Institute of Theoretical Physics and Department of Physics, State Key Laboratory of Quantum Optics and Quantum Optics Devices,

Collaborative Innovation Center of Extreme Optics, Shanxi University, Taiyuan 030006, China
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!0! , even though the latter clearly contains more
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combines the information about w and h, and was recently
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experimentally implementable criteria for the detection of
multipartite entanglement [5,6]. The development of quan-
tum technologies further demands a precise understanding
of the set of multipartite entangled states that enable a
quantum advantage in specific applications of quantum
information [7,8]. In this context, metrological entangle-
ment criteria are powerful tools that establish a quantitative
link between the number of detected entangled parties and
the quantum gain in interferometric measurements [8–12].
As a consequence of the exponentially increasing num-

ber of partitions in multipartite systems, there is no unique
way to quantify multipartite entanglement. Common
approaches to capture the extent of multipartite correlations
focus on simple integer indicators [5]: An entanglement
depth of w describes that at least w parties must be
entangled, while h-inseparability expresses that the system
cannot be split into h separable subsystems. Larger values
of w and smaller values of h generally indicate more
multipartite entanglement, and experimentally observable
bounds on both can be obtained with different methods
[5,6], including from the metrological sensitivity in terms
of the quantum Fisher information [11].
A systematic approach based on the partitions of a

multipartite system reveals a duality between w and h [13].
Let us illustrate this with the example of a 7-partite system that
allows for a separable description in the partition
! ! 1j2345j67, see Fig. 1. The system is separable into h !
3 subsets and it contains entanglement among up to w ! 4
parties, i.e., it has an entanglement depth of w ! 4. By using
the correspondence between partitions of a system (up to

permutations of the particle labels) and Young diagrams, we
can represent this partition as !! , where each box
represents one party and each row represents an entangled
subset of decreasing size from top to bottom. We can easily
convince ourselves that w and h correspond to the width and
height of the Young diagram, respectively.
Focusing exclusively on one of these two quantities

provides only limited information about the allowed
structure of separable partitions. The entanglement depth
w refers to the size of the largest subset but ignores the size
and number of the remaining subsets. For instance, w ! 4
does not distinguish between the partition ! and, e.g.,
!0! , even though the latter clearly contains more
entanglement. Separability, in contrast, is insensitive to the
size of the entangled subsets and h ! 3 is also compatible
with, e.g., !00! . As an alternative integer quantifier, the
rank of a partition, defined by Dyson [14] as r ! w " h,
combines the information about w and h, and was recently
suggested to express the “strechability” of correlations
[13]. In our example, it successfully distinguishes these

FIG. 1. Representation of multipartite entanglement using
Young diagrams. In this example, a system of N ! 7 particles
is separable in a partition into h ! 3 subsets and contains an
entanglement depth of w ! 4 particles. These quantities corre-
spond to height h and width w of the associated Young diagram.
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science [1–4]. A particular challenge is the development of
experimentally implementable criteria for the detection of
multipartite entanglement [5,6]. The development of quan-
tum technologies further demands a precise understanding
of the set of multipartite entangled states that enable a
quantum advantage in specific applications of quantum
information [7,8]. In this context, metrological entangle-
ment criteria are powerful tools that establish a quantitative
link between the number of detected entangled parties and
the quantum gain in interferometric measurements [8–12].
As a consequence of the exponentially increasing num-

ber of partitions in multipartite systems, there is no unique
way to quantify multipartite entanglement. Common
approaches to capture the extent of multipartite correlations
focus on simple integer indicators [5]: An entanglement
depth of w describes that at least w parties must be
entangled, while h-inseparability expresses that the system
cannot be split into h separable subsystems. Larger values
of w and smaller values of h generally indicate more
multipartite entanglement, and experimentally observable
bounds on both can be obtained with different methods
[5,6], including from the metrological sensitivity in terms
of the quantum Fisher information [11].
A systematic approach based on the partitions of a

multipartite system reveals a duality between w and h [13].
Let us illustrate this with the example of a 7-partite system that
allows for a separable description in the partition
! ! 1j2345j67, see Fig. 1. The system is separable into h !
3 subsets and it contains entanglement among up to w ! 4
parties, i.e., it has an entanglement depth of w ! 4. By using
the correspondence between partitions of a system (up to

permutations of the particle labels) and Young diagrams, we
can represent this partition as !! , where each box
represents one party and each row represents an entangled
subset of decreasing size from top to bottom. We can easily
convince ourselves that w and h correspond to the width and
height of the Young diagram, respectively.
Focusing exclusively on one of these two quantities

provides only limited information about the allowed
structure of separable partitions. The entanglement depth
w refers to the size of the largest subset but ignores the size
and number of the remaining subsets. For instance, w ! 4
does not distinguish between the partition ! and, e.g.,
!0! , even though the latter clearly contains more
entanglement. Separability, in contrast, is insensitive to the
size of the entangled subsets and h ! 3 is also compatible
with, e.g., !00! . As an alternative integer quantifier, the
rank of a partition, defined by Dyson [14] as r ! w " h,
combines the information about w and h, and was recently
suggested to express the “strechability” of correlations
[13]. In our example, it successfully distinguishes these

FIG. 1. Representation of multipartite entanglement using
Young diagrams. In this example, a system of N ! 7 particles
is separable in a partition into h ! 3 subsets and contains an
entanglement depth of w ! 4 particles. These quantities corre-
spond to height h and width w of the associated Young diagram.
Dyson’s rank r ! w " h combines both pieces of information.
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systems is crucial for our understanding of quantum many-
body systems and the development of quantum information
science [1–4]. A particular challenge is the development of
experimentally implementable criteria for the detection of
multipartite entanglement [5,6]. The development of quan-
tum technologies further demands a precise understanding
of the set of multipartite entangled states that enable a
quantum advantage in specific applications of quantum
information [7,8]. In this context, metrological entangle-
ment criteria are powerful tools that establish a quantitative
link between the number of detected entangled parties and
the quantum gain in interferometric measurements [8–12].
As a consequence of the exponentially increasing num-

ber of partitions in multipartite systems, there is no unique
way to quantify multipartite entanglement. Common
approaches to capture the extent of multipartite correlations
focus on simple integer indicators [5]: An entanglement
depth of w describes that at least w parties must be
entangled, while h-inseparability expresses that the system
cannot be split into h separable subsystems. Larger values
of w and smaller values of h generally indicate more
multipartite entanglement, and experimentally observable
bounds on both can be obtained with different methods
[5,6], including from the metrological sensitivity in terms
of the quantum Fisher information [11].
A systematic approach based on the partitions of a

multipartite system reveals a duality between w and h [13].
Let us illustrate this with the example of a 7-partite system that
allows for a separable description in the partition
! ! 1j2345j67, see Fig. 1. The system is separable into h !
3 subsets and it contains entanglement among up to w ! 4
parties, i.e., it has an entanglement depth of w ! 4. By using
the correspondence between partitions of a system (up to

permutations of the particle labels) and Young diagrams, we
can represent this partition as !! , where each box
represents one party and each row represents an entangled
subset of decreasing size from top to bottom. We can easily
convince ourselves that w and h correspond to the width and
height of the Young diagram, respectively.
Focusing exclusively on one of these two quantities

provides only limited information about the allowed
structure of separable partitions. The entanglement depth
w refers to the size of the largest subset but ignores the size
and number of the remaining subsets. For instance, w ! 4
does not distinguish between the partition ! and, e.g.,
!0! , even though the latter clearly contains more
entanglement. Separability, in contrast, is insensitive to the
size of the entangled subsets and h ! 3 is also compatible
with, e.g., !00! . As an alternative integer quantifier, the
rank of a partition, defined by Dyson [14] as r ! w " h,
combines the information about w and h, and was recently
suggested to express the “strechability” of correlations
[13]. In our example, it successfully distinguishes these

FIG. 1. Representation of multipartite entanglement using
Young diagrams. In this example, a system of N ! 7 particles
is separable in a partition into h ! 3 subsets and contains an
entanglement depth of w ! 4 particles. These quantities corre-
spond to height h and width w of the associated Young diagram.
Dyson’s rank r ! w " h combines both pieces of information.
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entangled, while h-inseparability expresses that the system
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bounds on both can be obtained with different methods
[5,6], including from the metrological sensitivity in terms
of the quantum Fisher information [11].
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Let us illustrate this with the example of a 7-partite system that
allows for a separable description in the partition
! ! 1j2345j67, see Fig. 1. The system is separable into h !
3 subsets and it contains entanglement among up to w ! 4
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entanglement. Separability, in contrast, is insensitive to the
size of the entangled subsets and h ! 3 is also compatible
with, e.g., !00! . As an alternative integer quantifier, the
rank of a partition, defined by Dyson [14] as r ! w " h,
combines the information about w and h, and was recently
suggested to express the “strechability” of correlations
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is separable in a partition into h ! 3 subsets and contains an
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experimentally accessible in a wide range of atomic systems, as we illustrate by analyzing published data
on the quantum Fisher information and spin-squeezing coefficients.
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An efficient classification of entanglement in multipartite
systems is crucial for our understanding of quantum many-
body systems and the development of quantum information
science [1–4]. A particular challenge is the development of
experimentally implementable criteria for the detection of
multipartite entanglement [5,6]. The development of quan-
tum technologies further demands a precise understanding
of the set of multipartite entangled states that enable a
quantum advantage in specific applications of quantum
information [7,8]. In this context, metrological entangle-
ment criteria are powerful tools that establish a quantitative
link between the number of detected entangled parties and
the quantum gain in interferometric measurements [8–12].
As a consequence of the exponentially increasing num-

ber of partitions in multipartite systems, there is no unique
way to quantify multipartite entanglement. Common
approaches to capture the extent of multipartite correlations
focus on simple integer indicators [5]: An entanglement
depth of w describes that at least w parties must be
entangled, while h-inseparability expresses that the system
cannot be split into h separable subsystems. Larger values
of w and smaller values of h generally indicate more
multipartite entanglement, and experimentally observable
bounds on both can be obtained with different methods
[5,6], including from the metrological sensitivity in terms
of the quantum Fisher information [11].
A systematic approach based on the partitions of a

multipartite system reveals a duality between w and h [13].
Let us illustrate this with the example of a 7-partite system that
allows for a separable description in the partition
! ! 1j2345j67, see Fig. 1. The system is separable into h !
3 subsets and it contains entanglement among up to w ! 4
parties, i.e., it has an entanglement depth of w ! 4. By using
the correspondence between partitions of a system (up to

permutations of the particle labels) and Young diagrams, we
can represent this partition as !! , where each box
represents one party and each row represents an entangled
subset of decreasing size from top to bottom. We can easily
convince ourselves that w and h correspond to the width and
height of the Young diagram, respectively.
Focusing exclusively on one of these two quantities

provides only limited information about the allowed
structure of separable partitions. The entanglement depth
w refers to the size of the largest subset but ignores the size
and number of the remaining subsets. For instance, w ! 4
does not distinguish between the partition ! and, e.g.,
!0! , even though the latter clearly contains more
entanglement. Separability, in contrast, is insensitive to the
size of the entangled subsets and h ! 3 is also compatible
with, e.g., !00! . As an alternative integer quantifier, the
rank of a partition, defined by Dyson [14] as r ! w " h,
combines the information about w and h, and was recently
suggested to express the “strechability” of correlations
[13]. In our example, it successfully distinguishes these

FIG. 1. Representation of multipartite entanglement using
Young diagrams. In this example, a system of N ! 7 particles
is separable in a partition into h ! 3 subsets and contains an
entanglement depth of w ! 4 particles. These quantities corre-
spond to height h and width w of the associated Young diagram.
Dyson’s rank r ! w " h combines both pieces of information.
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bounds on both can be obtained with different methods
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combines the information about w and h, and was recently
suggested to express the “strechability” of correlations
[13]. In our example, it successfully distinguishes these

FIG. 1. Representation of multipartite entanglement using
Young diagrams. In this example, a system of N ! 7 particles
is separable in a partition into h ! 3 subsets and contains an
entanglement depth of w ! 4 particles. These quantities corre-
spond to height h and width w of the associated Young diagram.
Dyson’s rank r ! w " h combines both pieces of information.

PHYSICAL REVIEW LETTERS 126, 080502 (2021)

0031-9007=21=126(8)=080502(6) 080502-1 © 2021 American Physical Society

 

Metrological Detection of Multipartite Entanglement from Young Diagrams

Zhihong Ren ,1,2 Weidong Li ,1,* Augusto Smerzi,1,3,† and Manuel Gessner 2,‡
1Institute of Theoretical Physics and Department of Physics, State Key Laboratory of Quantum Optics and Quantum Optics Devices,

Collaborative Innovation Center of Extreme Optics, Shanxi University, Taiyuan 030006, China
2Laboratoire Kastler Brossel, ENS-Université PSL, CNRS, Sorbonne Université, Collège de France,
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bounds on both can be obtained with different methods
[5,6], including from the metrological sensitivity in terms
of the quantum Fisher information [11].
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Let us illustrate this with the example of a 7-partite system that
allows for a separable description in the partition
! ! 1j2345j67, see Fig. 1. The system is separable into h !
3 subsets and it contains entanglement among up to w ! 4
parties, i.e., it has an entanglement depth of w ! 4. By using
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permutations of the particle labels) and Young diagrams, we
can represent this partition as !! , where each box
represents one party and each row represents an entangled
subset of decreasing size from top to bottom. We can easily
convince ourselves that w and h correspond to the width and
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provides only limited information about the allowed
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w refers to the size of the largest subset but ignores the size
and number of the remaining subsets. For instance, w ! 4
does not distinguish between the partition ! and, e.g.,
!0! , even though the latter clearly contains more
entanglement. Separability, in contrast, is insensitive to the
size of the entangled subsets and h ! 3 is also compatible
with, e.g., !00! . As an alternative integer quantifier, the
rank of a partition, defined by Dyson [14] as r ! w " h,
combines the information about w and h, and was recently
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FIG. 1. Representation of multipartite entanglement using
Young diagrams. In this example, a system of N ! 7 particles
is separable in a partition into h ! 3 subsets and contains an
entanglement depth of w ! 4 particles. These quantities corre-
spond to height h and width w of the associated Young diagram.
Dyson’s rank r ! w " h combines both pieces of information.
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Introduction. Interferometers provide the most precise measurements in physics. Hence, there is an urgent demand for
novel theoretical proposals and experimental techniques aimed at further increasing their sensitivity. Most of the current atomic
and optical interferometers are made of linear devices such as beam splitters and phase shifters. Their phase uncertainty is
fundamentally bounded by the shot-noise limit�✓ ⇠ 1/

p
n̄, when using probe states made of average n̄ uncorrelated particles [?

? ]. It has been clarified that overcoming this bound requires engineering proper particle-entangled states [? ] (see [? ? ]
for reviews). Using such states, sub shot-noise (SSN) phase uncertainties have been demonstrated in several recent proof-of-
principle experiments with atoms [? ? ? ? ? ? ? ? ] and photons [? ? ? ? ? ]. Yet, noise and decoherence limit the creation and
use of quantum correlations [? ? ]. It is therefore crucial to search for alternative schemes where probe states are classical and
quantum correlations useful to reach SSN sensitivities are created inside the interferometer [? ? ? ? ].

In this manuscript, we show that quantum spin-mixing dynamics (SMD) in a spinor Bose-Einstein condensate (BEC) [? ? ?
] can be exploited to realize a nonlinear three-mode interferometer, as shown in Fig. 1. SMD is provided by binary collisions
in the BEC, which coherently transfer correlated pairs of atoms with opposite magnetic moment [? ? ] from the “pump”
mode (mf = 0) to “side” modes (mf = ±1), and vice-versa. The probe state of the interferometer is classical and quantum
correlations are created by the SMD. We first study the interferometer in the mean-field limit, consisting on the pump mode
being replaced by a c-number. This analysis is valid for a large number of particles and low conversion rates. In this case, the
interferometer operations belong to the SU(1,1) group and it is possible to obtain analytical predictions for the phase sensitivity.
In optical systems, where conversion rates are rather low, the pump needs to be very intense and the SU(1,1) approach is well
justified [? ]. SU(1,1) optical interferometry has been theoretically discussed [? ? ? ? ] and recently experimentally realized [?
]. In contrast, experiments with spinor BECs [? ? ? ? ] can be performed well outside the mean-field regime, with probe states
of a relatively small number of particles and – thanks to strong nonlinearities – comparatively high conversion rates. We have
thus also implemented a full three-mode quantum analysis. Within this framework, we can rigorously provide phase sensitivity
bounds with respect to the average total number of particles n̄ in input. For realistic values of n̄, including particle losses and
finite detection efficiency, SSN is obtained in a regime where quantum corrections to the mean-field picture are important.

Spin-mixing interferometry with BECs. The protocol outlined in Fig. 1 follows five steps: (I) state preparation – we consider
empty side modes and a BEC in mf = 0, described by a coherent state of average population n̄ – (II) a first SMD, (III) phase
encoding , and (IV) a second SMD. Finally (V), the atoms are released from the trap, the three magnetic modes are spatially
separated and the particle number is measured by imaging the atomic clouds.

A standard description of the SMD is obtained in single-mode approximation [? ]: the condensate spatial wave function  (r)
in mf = ±1 is assumed to be the same as in mf = 0. The field operators are thus approximated by  ̂i(r) =  (r)âi, where âi

(â†
i
) are annihilation (creation) operators for modes i = mf = 0,±1 obeying the boson commutation relations [âi, â†j ] = �i,j

(N̂i = â
†
i
âi is the particle number operator). The many-body Hamiltonian describing SMD in a dilute atomic cloud is [? ]

ĤSMD = �(â0â0â
†
+1â

†
�1 + c.c) + �

�
N̂0 � 1

2

�
(N̂+1 + N̂�1). (5)

The first term is identical to four-wave mixing in nonlinear optics [? ? ], where � is the relative phase between the pump and
the side modes. The second term in Eq. (5) is a mean-field shift. The coupling � = 4⇡~2

3M (c2 � c0)
R
d
3r| (r)|4 depends on the

s-wave scattering lengths c0 and c2 of two bosons of mass M scattering in the total spin channels F = 0 and F = 2, respectively

FIG. 1. (color online) Left: scheme of spin-mixing interferometry with spinor BEC (left panel). Right: when the central mode is treated
parametrically (mean-field approach), the interferometer operations can be viewed as transformations of the SU(1,1) Husimi distribution [? ]
in the (Kx,Ky,Kz) space.
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